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PRIMES REPRESENTED BY INCOMPLETE NORM FORMS 
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Abstract. Let K = Q(oj) with uj the root of a degree n monic irreducible 
polynomial / E Z[X]. We show the degree n polynomial XjUj' l ~ 1 ) 

in n — k variables takes the expected asymptotic number of prime values if 
n > 4 k. In the special case K = Q( VO), we show N(Xi y/ 6 i ~ 1 ) takes 
infinitely many prime values provided n > 22k /7. 

Our proof relies on using suitable ‘Type I’ and ‘Type II’ estimates in Har¬ 
man’s sieve, which are established in a similar overall manner to the previous 
work of Friedlander and Iwaniec on prime values of X 2 + Y 4 and of Heath- 
Brown on X 3 -\- 2Y 3 . Our proof ultimately relies on employing explicit ele¬ 
mentary estimates from the geometry of numbers and algebraic geometry to 
control the number of highly skewed lattices appearing in our final estimates. 


1. Introduction 

It is believed any integer polynomial satisfying some simple necessary conditions 
should represent infinitely many primes. Specifically, we have the following. 

Conjecture. Let f E Z[X] be an irreducible polynomial of degree d with positive 
leading coefficient and no fixed prime divisor. Then we have 

#{1 < a < * : /(a) prime] = 6 ,^ + 

where 

<5f = Il( 1 “ ( X ~ “) > v f(P) =#{!<«< P : /(«) = 0 (mod p)}. 

p P P 

It follows from the Chebotarev density theorem that the infinite product ©/ con¬ 
verges (conditionally) to a positive constant. 

Unfortunately no case of the above conjecture is known other than when / is lin¬ 
ear, and the problem seems to be well beyond current techniques. A non-linear 
polynomial / represents 0(x 1 ^ 2 ) integers less than x, and there are essentially no 
examples of sets containing 0(x 1 / 2 ) integers less than x which contain infinitely 
many primes (beyond artificial examples^. Thus the sparsity of the set of values 
of / presents a major obstacle. 

As an approximation to the conjecture one can look at polynomials / € Z[Xi, ..., X n \ 
in multiple variables, so the resulting sets are less sparse. If the number of vari¬ 
ables is sufficiently large (relative to other measures of the complexity of /) then 

1 Tlie seemingly simpler problem of showing the existence of a prime in the short interval 

[x,x + x 1 2 1, for example, is not known even under the assumption of the Riemann hypothesis. 
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in principle the Hardy-Littlewood circle method can be used to show that every 
integer satisfying necessary local conditions is represented by /. It follows from 
the seminal work of Birch [Tj, for example, that any homogeneous non-singular 
/ £ Z[Xi,..., X n \ of degree d with no fixed prime divisor represents infinitely 
many prime values provided n > (d — l)2 d . 

When the number of variables is not larger than the degree only a few polynomi¬ 
als are known to represent infinitely many primes, and these tend to have extra 
algebraic structure. Iwaniec m shows that any suitable quadratic polynomial rep¬ 
resents infinitely many primes. If K/Q is a number field with a Z-basis {/3±,..., /3 n } 

of Ok, then the norm form N K / q(A'i/3i H-+ X n (3 n ) € Z[Xi, ..., X n ] is a degree 

n polynomial in n variables which represents infinitely many primes, since every 
degree 1 principal prime ideal of K gives rise to a prime value of Nk/q- 

The groundbreaking work of Friedlander Iwaniec (6] shows that the polynomial 
Xf + X\ takes the expected number of prime values. Along with the work of Heath- 
Brown [12] on Xf + 2 A'f (and its generalizations due Heath-Brown and Moroz JT4] , 
m ), these are the only known examples of a set of polynomial values containing 
0(x c ) elements less than x (for some constant c < 1) which contain infinitely many 
prime values. A key feature in the proofs are the fact these polynomials are closely 
related to norm forms; Nq^yq^Xi + X\i) = Xf + X| and A^^^Ai + A^v^) = 
Xf + 2X|. This allows structure of the prime factorization in the number field to 
be combined with bilinear techniques to count primes in these cases. 

Our result is to give further examples of thin polynomials which represent infinitely 
many primes. 

Theorem 1.1. Let n, k be positive integers. Let f £ Z[A] be a monic irreducible 
polynomial of degree n with root wtC. Let K = Q(w) be the corresponding number 
field of degree n, and let Nk £ 1\X i,... ,X n - k \ be the ‘incomplete norm form ’ 

n—k 

N K (a) = N K (ai,.. .,a n - k ) = N K/ ajW 1-1 ). 

i =1 

If n > 4k then as X —> oo we have 

#{ a £ [l,X] n ~ k : N K (a) prime} = (6 + o( 1)) J---J 

te[i,x] n - fe 
Nk{ t)>2 

where 



v(p) = #{1 < ai,... ,a n _ fc < p : N K ( a) = 0 (mod p)}. 

All implied constants depend only on ui and are effectively computable. 

Theorem 1.2. Let n, k be positive integers. Let f(X) = X n — 6 £ Z[X\ be 

irreducible, K = Q(i/0) and Nk{8l) = N K /Q(52i=i a i )> as in Theorem \1.1\ 

in the case f(X) = X n — 6. 
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If n > 22k/I and X is sufficiently large then 

#{a e [1, A']"- 1 : iW») pnme} » 6 / - - ■ / * fix’ 

tG[l,X]”- fc 
Nk( t)>2 

All implied constants depend only on 9 and are effectively computable. 

A sieve upper bound shows #{a £ [l,X] n ~ k : Nk{ a) prime} -C &X n ~ k / log A, 
and so the lower bound in Theorem P is of the correct order of magnitude. We 
note 22/7 = 3.14... < 4. 

Theorems 11.11 and 11.21 give examples of sets of polynomial values containing roughly 
x i-k/n e i emei Rs less than x which contain many primes. We obtain an asymptotic 
for the number of primes in the sets of Theorem ll.il which contain x 3 / 4 values less 
than x, and a lower bound of the correct order of magnitude for the sets of Theorem 
P which contain 3> x 7 / 22 elements. By way of comparison, the Friedlander- 
Iwaniec polynomial A 2 + A| takes roughly x 3 / 4 values less than x, which is at the 
limit of the range for asymptotic estimates in Theorem ll.il whilst Heath-Brown’s 
polynomial A' 3 + 2Af takes roughly x 2 ^ 3 values less than x, which is thinner than 
the sets considered in Theorem II.II or Theorem ll.2l 

By virtue of being homogeneous, the algebraic structure of the polynomials consid¬ 
ered in Theorems o and P are simpler in some key aspects to the Friedlander- 
Iwaniec polynomial A' 2 + A,/; much of the paper [6] is spent employing sophisti¬ 
cated techniques to handle sums twisted by a quadratic character caused by the 
non-homogeneity. In our situation the key multiplicative machinery is instead just 
a Siegel-Walhsz type estimate for Hecke L-functions. (The fact that n > 3 k means 
that characters of large conductor do not play a role, and so we don’t even require 
a large sieve type estimate as in m-) On the other hand, the fact that we consider 
polynomials in an arbitrary number of variables and with multiple coordinates of 
the norm form set to 0 introduces different geometric complications. It is handling 
such issues which is this key innovation of this paper. 

Unlike the previous estimates, the implied constants in Theorems 11.11 and 11.21 are 
effectively computable. This is a by-product of the fact we explicitly treat the 
contribution of a possible exceptional quadratic character in order to be able to 
utilize a Siegel-Walfisz type estimate in a slightly wider range of uniformity of 
conductor. This extra range of uniformity enables us to restrict ourselves to simpler 
algebraic estimates. 

In view of the results of Friedlander-Iwaniec and Heath-Brown, the restrictions of 
n > Ak and n > 22k/7 in Theorem 11.11 and Theorem 11.21 might seem unnatural 
at first sight, but it turns out that these are natural barriers to any simple argu¬ 
ment used to establish ‘Type I’ and ‘Type II’ estimates. If one simply bounds the 
naturally occuring error terms by their absolute values without showing genuine 
cancellations, then one can only hope to obtain ‘Type I’ and ‘Type II’ estimates in 
certain restricted ranges depending on the density of the sequence. Heath-Brown 
|12| obtains an asymptotic in a sparser sequence precisely because he is able to 
treat the error terms arising in a non-trivial manner. We discuss this further in 
Section [9l 
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With more care one could improve the asymptotic in Theorem 1 1.1 1 to give a quan¬ 
titative bound to the o(l) appearing. 


2. Outline of the proof 

In the interest of clarity, we prove Theorem 11.11 and Theorem 11.21 together in the 
case of K = Q( \/$) in Sections Hi and then in Section m we sketch the few 
modifications to the argument required to obtain Theorem 11.11 in the general case 
of K = Q(w). 

We now give a broad outline of the key steps in the proof; what we say here should 
be thought of as a heuristic motivation and not interpreted precisely. 

Given a small quantity r /1 > 0, we let 

= {x £ : Xi £ [Xi,Xi + r/iXi]}, 

and we establish a suitable estimate for the number of times IVr-(x) is prime for 
x £ srf for each of these smaller sets individually. For each x £ g/, there is a 
principal ideal ( Y^i=i Xi y/W~^) with the same norm, and for 771 sufficiently small 
this ideal is unique. Thus we wish to count the number degree 1 prime ideals in 
21 = {(£”= 1 ^^) : x £ g/}, and so can use the unique factorization of ideals 
in K. 

In Section [5] we apply a combinatorial decomposition to 21 based on Buchstab’s 
identity and Harman’s sieve m- In the case when n > Ak this takes the simple 
form 

^{prime ideals in 21 } = ^{ideals in 21 with no prime factor of norm < x n ~ 3k ~ e } 

#{ideals in 21 with p the factor of smallest norm } 

x „_3fc- e<Ar ( p ) <X n/2 + e 


The point of this decomposition is that we will be able to appropriately esti¬ 
mate terms when every ideal counted has a factor whose norm is in the interval 
\X k+e , X n ~ 2k ~ e \. This is clearly the case with the second term on the right hand 
side above. The first term can be repeatedly decomposed by further Buchstab it¬ 
erations so that all terms count ideals with a prime factor of norm in the interval 
[R, RX n ~ 3k ~ 2e ] (for any suitable choice of R ), or simply count the number of ideals 
in srf which are a multiple of some divisor 0. 


Thus it suffices to obtain suitable asymptotic estimates (at least on average) for 
the number of ideals in 21 which are a multiple of some ideal 5, or the number 
of ideals in 21 with a particular type of prime factorization whenever this prime 
factorization ensures the existence of a conveniently sized factor. These estimates 
are the so-called ‘Type I’ (linear) and ‘Type II’ (bilinear) estimates which provide 
the key arithmetic content. 


Our Type I estimate of Section [G] states that 


E 

N(V)e[D,2D] 


#{a £ 21 : D|a} 


d(0)#2t 

m*) 


x n ~ k ~ l jj 1 /( n ~ k '>+ e -|- 
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where p is the function defined by 

#{xG [l,JV(D)]"~ fc : mXll jvgS} 

This allows us to accurately count the number of ideals in 21 which are a multiple 
of an ideal of norm 0{X n ~ k ~ e ) on average. Since #21 ss X n ~ k , we see that this 
range is essentially best possible. 

If 0 = (X)™ = i di is a principal ideal in Z[\/6\, then we see that the number 

of ideals a = eO in 21 which are a multiple of 0 is given by 

n—k n 

#{e eZ n :^ej x E d r G a/} 

i=l i =1 

= {e G Z” : d• e G [X*, X* + 771 X,;] for i <n — k, • e = 0 for i > n — k} 

where dW is the i th vector in the multiplication-by -^" =1 di \J # _1 matrix with 
respect to the basis <i< n - But this is counting vectors in the lattice 

defined by d^ ■ e = 0 for i > n — k in the bounded region defined by d^) • e G 
[Xj,Xj + 771 Xj] for i < n — k. By estimates from the geometry of numbers, the 
number of such points is the volume of the bounded region divided by the lattice 
discriminant, provided the lattice and the bounded region are not too skewed. Our 
Type I estimate then follows from showing that the number of skewed lattices is 
rare. (Small technical modifications are made to deal with U in other ideal classes.) 

The argument then relies on establishing a suitable Type II estimate, which is the 
main part of the paper. Given integers £2 < £ and a polytope KC1* such that 
any e G 1Z has e* > e 2 for all i and k + e < e * < n — 2k — e, our Type II 

estimate obtains an asymptotic for the sum 

y. lrc(<0 

oea 

where 


l-ft(a) 



a = pi.. .p£, iV(pi) = X ei , (ei,... ,ee) G K, 
otherwise. 


This sum counts ideals in 21 with a given number of prime factors each of a given 
size, and the condition that k + e < e * < 7i — 2fc — e implies that a lias 

a ‘conveniently sized’ ideal factor. By performing a decomposition to 7 Z we may 
assume that TZ = IZi x lZ- 2 for two polytopes 7^i, IZ 2 with IZ 2 corresponding to the 
conveniently sized factor. We are left to estimate the bilinear sum 

We estimate this sum using a combination of L 1 and L 2 bounds. We introduce an 
approximation l-n 2 (b) to 1-R. 2 (b), which is a sieve weight designed to have the same 
distributional properties as l^ 2 (b). The sums X^obea (a)lK 2 (b) can then be 
estimated using our Type I estimates, and give the expected asymptotic. 


To show the error in this approximation is small we use Linnik’s dispersion method 
to exploit the bilinear structure. By Cauchy-Schwarz and using l-& 2 (a) < 1, we are 
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left to bound 

E| E ( l ^2(t>) - • 

a b:ab£2l 

Writing p b = l-n 2 {b) — l 7 ?. 2 (b), expanding the square and swapping the order of 
summation we are left to estimate 

E 5bi5b 2 E L 

61,62 bia,b a 2 oeai 

If bi, b 2 are both principal and a = CC”=i a * for some a = (ai,..., a n ) £ Z” 

then each condition abi £ 21 and abo £ 21 imposes k linear constraints on a (with 
coefficients of these linear constraints depending on the coefficients of the b,). For 
generic bi, b 2 these constraints are linearly independent, and so a will be constrained 
to he in a bounded region in a rank n — 2k lattice. Using the geometry of numbers 
again, the number of such a is roughly the volume of the region divided by the 
lattice discriminant, provided neither are too skewed. An iterative argument shows 
that the number of skewed lattices here is acceptably small. 


To finish the estimate we have to show suitable cancellation in the sum 


E 


ffbiffb 2 VOlC^bi.ba) 
det(A bl , b2 ) 


where i^ blib2 and A bl b2 are the bounded region and lattice which a was constrained 
to. The volume of the bounded region is continuous, and so plays a minor role. More 
significant complications occur in showing that those bi, b 2 for which det(A bl b2 ) is 
small make a negligible contribution. 


The determinant can be small if a certain vector of polynomials in the coefficients of 
bi, b 2 is small in either the Euclidean metric or a p-adic metric. To show this is only 
rarely the case we obtain a (sharp) bound on the dimension of the corresponding 
variety given by these polynomials. We obtain this by elementary algebraic means 
by exploiting the simple explicit description of multiplication of elements in the 
order Z[ \/6\. 

Having shown that only those bi,b 2 for which A blib2 has determinant almost as 
large as possible make a contribution, we can localize the coefficients of bi, b 2 to a 
small region in the Euclidean metric and p-adic metrics for small p. Once localized 
in this way, the denominator no longer plays an important role. The remaining 
sum then factors, so we are ultimately left to show cancellation in 

E^b 

b 

where Y' indicates the coefficients are localized to a small box and an arithmetic 
progression. Recalling that p b = l-R^b) — l^ 2 (b), we can show such an estimate 
using a Siegel-Walhsz type bound for Hecke Grossencharacters. In avoiding some 
algebraic considerations, we require uniformity in the conductor to be slightly larger 
than a fixed power of a logarithm in the norm of the ideals considered, and this 
requires us to take explicit account of possible fluctuations caused by a Siegel zero 
throughout the argument. 
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3. Notation 

We view n, k, 9 and K = Q( \/0) (or K = Q(w) in Section [lUl) as fixed throughout 
the paper, and all constants implied by O(-), o(-), and 3> may depend on these. 
All asymptotic notation should be interpreted in the limit as X —» oo. 

Throughout the paper we let e be an arbitrarily small but fixed (i.e. independent 
of X) positive constant which is always assumed to be sufficiently small in terms of 
n and k. Our implied constants will not depend on e unless explicitly stated, but 
we will assume e > log log A' to avoid too many dependencies in our error terms. 
We let Ak be the discriminant of the field K, 4>K{a) = TIp| a (1 — ATp)^ 1 ), 

and 7 k the residue of (k(s) at s = 1 . 

By abuse of notation we write N = N k /q for the norm form on ideals of K , and 
for algebraic integers of K. We let Nk (x) be the polynomial in n — k variables 
Xi,..., x n -k which coincides with Nk/qIY^^i x i ^$ i_1 ) on integers. 

We use lower gothic script (e.g. o, b, ...) to denote integral ideals of K, and p 
to denote a prime ideal of K. Algebraic integers in Ok will typically be written 
in greek lower case (e.g. a, /?,...) and (a) is used to denote the principal ideal 
generated by a. Vectors will be denoted by roman bold lower case (e.g. a, b,...) 
and we have endeavored to use consistent notation across vectors, integers and ideals 
referring to related objects so that b = (/3) for an the principal ideal generated by 
/? = l V^* -1 for some vector b. We let ||b|| = a/JV b'j denote the usual 
Euclidean norm. 

We make several references to standard facts from algebraic number theory and the 
geometry of numbers and the prime ideal theorem without explicit reference. All 
such details are included, for example, in [7], [lb] or [2], 


4. Initial Manipulations 

We begin our first steps in the proof of Theorem 11.11 and Theorem 11.21 for K = 
Q(v^). We may assume without loss of generality that 9 is a positive integer if n 
is odd. 

We wish to show that if n > Ak we have 

#{x G : 1 < Xi < X, N k (x) prime} = (& + 0(e 1/n )) J ■■■ J 

N K (t)>2 


and if n > 22/c/7 then this is 3> X n k /\ogX. 

Let r]i = (log A) -100 . We tile the region {x G M. n ~ k : 0 < Xi < A} with 
0(i hypercubes of the form {x G K n : i, G [Xi,Xi +? 7 iA'i]}. By a sim¬ 
ple sieve upper bound (see Theorem 5.1], or Lemma 16.61 of Section [5]), the 
number of primes values of N(x \,..., x n -k) for integer vectors x in such a hy¬ 
percube is 0(r]i~ k X n ~ k / log A). Thus the total number of prime values of N 
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from the 0(rj 1 ' n k 11 ) hypercubes not entirely contained within our original re¬ 
gion {x £ R n-fe : 0 < Xi < X} is 0(r\\X n ~ k / log A). Similarly, we see the total 
contribution to the integral on the right hand side over real vectors t in the union 
of these hypercubes is 0(r\\X n ~ k / log X). Both of these error terms are negligible, 
since the full integral is clearly X n ~ k / \ogX. 

We can clearly discard any hypercubes for which the norm is always negative. Since 
N has all derivatives of size 0(X n_1 ) on [1, X] n ~ k , if |iV/f(x)| < eX n then all points 
y in the same hypercube as x satisfy |7Vx(x)| < 2eX n . But there are 0(e 1 ' n X n ) 
integer points in [l,X] n ~ k for which |7Vx(x)| < 2eX n since given any choice of 
x 2 , ■ ■ ■, x n _i < X, xi must lie within 0(e 1 ^ n X) of one of the (complex) roots of N, 
viewed as a polynomial in x\. Thus there are O(e 1 / n ?G^ n_fe '0 hypercubes containing 
a point x with |7Vjf(x)| < eX n , and the total contribution from these hypercubes is 
0(e 1 ^ n X n ~ k / logX). Similarly, the contribution to the integral on the right hand 
side from t in the union of such hypercubes is 0(e 1 ^ n X n ~ k / logX). 

Let 

= ^{x £ Z" k : Xi £ [Aj, Xi + r]iXi}. 

From the above argument, we see to establish Theorems 11.11 and 11.21 it suffices to 
show that for any fixed rji > 0 that when n > 4fc we have 

#{x e £/ : N k (x) prime} = (© + 0(e 1/n )) f-J 

1 1 ,. .. ,tr, _ u 

ne[ XuXi+rfi.Xi} 

n log A 

and when n > 22k/7 we have 

#{x £ si : N k (x) prime} > -—. 

log A 

Moreover, we recjuire these estimates to be uniform over all X \,..., A„_fc < A such 
that N{ Ai,..., A n _ fc ) > eX n . 

As mentioned in Section [2] due to later considerations of the effect of a possible 
Siegel zero we restrict si to a fixed residue class (mod q*), for some quantity 
q* < exp(v / log A) to be declared later. Given a 0 £ Z n ~ k we define 

si'(ao) = (x £ si : x = a 0 (mod q*)}, 

and we wish to obtain a final asymptotic for the number of prime values of N 
on si'(ao) on average over ao £ [l,< 7 *] ra-fc . We see trivially there are no prime 
values whenever Nk (ao) = 0 (mod q*), so it suffices to consider a 0 such that 
gcd(N K (a Q ),q*) = 1. 

We now convert our problem to one of counting prime principle ideals, so we can 
make use of the unique factorization of ideals. We define 

n—k 

A = -A(a 0 ) = j(^ cii Vd*- 1 ) : a £ si'( a 0 )| 

i=1 

to be the set of principal ideals generated by elements of si. We note that trivially 
there are 0(X n / 2+e ) prime ideals p with N(p) <C X n ^ 2+e 1 and there are 0( A"/ 2 ) 
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prime ideals with N(p) not prime and N(p) -C X n . Moreover, there are no two 
associates Xi and i lh ” 1 with x,y 6 so every ideal in A 

has a unique generator in ^'(ao). Together these facts imply that 

#{x e ^"(a 0 ) : N k (x.) prime} = #{a € A : p|a => N(p) > X n / 2+e } + 0{X n / 2+2e ). 

Therefore it is enough to show, uniformly over all A under consideration, that if 
n > Ak we have 

£ #{a G A : p\a =► N{p) > X n / 2 +*} = (© + O (e 1/rl )) 

aoe[l,9*] n_fe ^ 


and if n > 22k /7 we have 


£ 

a o£[l,g*] 


#{a G A : p|a => N{ p) > X n / 2+t } > 


log X' 


5. Sieve Decomposition 

In this section we give a combinatorial decomposition of the number of primes in A 
based on Harman’s sieve E3. and reduce our result to establishing a suitable Type 
I and Type II estimate. 

It will be notationally convenient to fix a (slightly artificial) ordering of ideals in 
K for this section. We first fix an ordering of prime ideals of K such that pi < p 2 
if iV(pi) < iV(p 2 ), and we choose an arbitrary ordering of prime ideals of the same 
norm. We extend this to an ordering of all ideals so that a < b if N(a) < N( b) 
whilst if N(a) = N( b) we have a < b if the least prime ideal factor of a/ gcd(a, b) 
is less than the least prime ideal factor smaller of b/ gcd(a, b). Given a set of ideals 
I and an ideal a, we let 

l a = {b : ab S I}, 

S(l, a) = #{bGl:p|b=^p>a}. 

For convenience, we fix ideals 51,32 chosen maximally with respect to this ordering 
such that N ( 31 ) < x n ~ 3k ~ 2e and N( 32 ) < X n / 2 + e . In particular, we see that 

#{a € A : p|a =► N(p) > X n / 2+£ } = S(A,} 2 ). 

We now wish to decompose S(A, 32 ) into various terms such that each term can 
either be estimated asymptotically, or the term is positive and can be dropped for 
a lower bound. Roughly speaking, we will be able to asymptotically estimate terms 
of the form S(A 0 , 3 i) when iV(D) < X n ~ k ~ e and terms 3 ) for fairly arbitrary 

ideals 3 if X k+e < N(d) < x n ~ 2k ~ e (this latter type we refer to as the ‘Type II 
range’). 

When n > 4fc all terms in our decomposition can be evaluated asymptotically. 
Indeed the decomposition is essentially Vaughan’s identity and our treatment is 
fundamentally the same as that of Heath-Brown [12! and Friedlander-Iwaniec [5] , 
and with some minor modifications we could have simply used [5] Theorem 3] 
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to obtain our asymptotic formula. By Buchstab’s identity (this simply applies 
inclusion-exclusion according to the smallest prime factor), we have 

5(A32) = S(A3i)- E S ( A pA)- 

3i<P<32 

For n > 4 k, we have N(p) £ [x n ~ 3k ~ 2e , X n / 2+e ] C [X k+t , X n ~ 2k ~ e ], and so all 
terms above are of a suitable form for our Type II estimates. If n = 4fc then 
we cannot estimate terms with N(p) £ [X n ~ 3k ~ 2e , X k+e ] U [X 2k ~ e , X n ~ 2k+ % but 
bounding these terms by 0 < S(A p ,p) < S(A p ,$i) will introduce an error factor of 
(1 + 0 (e)) to the final estimates. 

When n < 4 k, we require a more complicated decomposition based on the use of 
Harman’s sieve. Here we discard some terms through positivity, which restricts 
us to obtaining a lower bound of the correct order of magnitude. The specific 
decomposition we use is identical to that of Harman |9j, since the ranges of our 
‘Type I’ and ‘Type II’ estimates will be the same as those for the problem of 
Diophantine approximation by primes. The only minor difference is that in our 
case the summations are over prime ideals rather than rational primes, but this 
does not effect the final estimates since they both have the same density. Since the 
full decomposition is complicated to write down (and requires non-trivial numerical 
computation) we just highlight some key details, referring the reader to [9] for a 
more complete description. 

In general we have three ways of transforming terms S(A P , a) in our decomposition: 

(1) Buchstab iterations: Given ideals ai < a 2 and 0 with N(i>) < X n ~ k ~ e /Nfa), 
we can apply two Buchstab iterations, which gives 

S(Ax,,a 2 ) = S(Av,ai) — S(A pp , ai) + E] 'S'(-4 dpip 2 i p 2 )- 

ai<Pi<02 ai<P2<Pi<c»2 

We can obtain asymptotic estimates for the first two sums if ai = and 
the terms in the final sum which fall into our Type II range; we are left to 
obtain a lower bound for the remaining terms. 

(2) Buchstab expansion: Given ideals ai < ci 2 and 0 with IV( 0 ) < X n ~ k ~ e /N(a 2 ), 
we can apply Buchstab’s identity in reverse, which gives 

S(Aq, cii) = S(A P , CI 2 ) + E ^(“^pOjP)- 

ai<p<c »2 

We can obtain asymptotic estimates for some terms in the final sum which 
coincide with our Type II range; we are left to obtain a lower bound for 
the other terms. 

(3) Reversal of roles: If T is a set of ideals t satisfying b < t < b 2 , we can write 

E^p,a) = E^,b), 

per u £U 

where = (I £ ^l u0 : t £ T} and U = {u : p|t => P > a}. 
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Having applied these transformations in some combination a finite number of times, 
we end up with a decomposition 

'S'(-A,32) = 'y ] <S'(^lo,3i) — £ sia-ijEEw*) 

DGX>i 0GT>2 TZ a^A 

( 5 . 1 ) - e E i-r'(q)+e e i^kco. 

TZ' oG A TZ" a^A 

Here the sums ]T) K , Y^tz" indicate a sum over 0(1) polytopes TZ, TZ', TZ", 

which are independent of X and 


(5.2) l w (a) 



a = pi••-pj with N(pi) = X ei , (e 1; ...,ee)eTZ, 
otherwise. 


Moreover, the polytopes TZ,TZ! appearing have the property that (ei,..., ee) € TZ 
or TZ' then e, > e 2 for all i and there exists an £2 < i such that k + e < X)f=i e * S 
n — 2k — e. In particular, if l-^(a) ^ 0 then a can be written as a = ai 02 with iV(o 2 ) 
in the Type II range [X k+e , X n ~ 2k ~ e }. The sets T>\,T >2 contain only ideals 0 with 
N(0 ) < X n ~ k ~ e and any prime factor p of P has p > 31 . 

The first two sums in m represent the sieve terms for which we can obtain an 
asymptotic formula from our Type I and Type II information. The next two sums 
(involving TZ or TZ') can also be asymptotically evaluated since any ideal counted in 
these sums factors in a way such that we can use our Type II estimate to obtain an 
asymptotic formula. The final term represents the part of the decomposition which 
we cannot estimate asymptotically, and we will trivially bound it below by zero. 

To keep track of these terms, we perform the identical decompositions to a simpler 
set B, which we use to compare to A. Let ao = (E^m ( a o)i v^ 3 ') be the ideal 
generated by the integer corresponding to ao, and let \* be the quadratic character 
on ideals (mod q*). Let X <ClVo C X be such that the smallest norm of an ideal 
in A is Nq. We then define B by 

B = B( a 0 ) = {b : N(b) € [N$, (1 + r ?1 1/2 )7V 0 "], X *(b) = X *(a 0 )}- 


Applying the same decomposition (EU) to B, and subtracting these terms multiplied 
be a weight A from the decomposition of A gives 


S(A, 32 ) = \S(B, i2 ) - AE E ^"( b ) + E ( S ( A *Ai) - A5(H a ,3i)) 

TZ" beB DGX>1 

- E (5(^,3!)-A5( J B„,3 1 ))+X!(Elw( 0 )- A El^( 


DGX>2 TZ oG^l bGB 

E(E 1 ^'( a ) - ae l-K'(b)) + E E 1 ^"( a 

TZ" aG^t 

E |E( 5 (^^i)-a5(b, 

iG{l,2} 0GX>i 


TV aeA 

> A 


bGB 


0 j 3i 


i(s{B, 32 )- AEE 1 ^ 

TZ" bGB 

(5.3) - E|E l7 ^( a ) “ AE 1 ^( f ’) ~ E|E ( a ) ~ A E ln '( b ) 

TZ aG-4 bGB TV aeA bGB 
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Here we have dropped the non-negative term 4 ( a ) f°r a l° wer bound. 

Assuming the two following key propositions, we will then obtain Theorems 1 1.1 1 and 

0 (fortf = Q(^)). 

Proposition 5.1 (Type II sums). Let 1Z C [e 2 ,n] ( be a polytope in such that 

(£i,..., £g) £ 1Z => k + e < < n — 2k — e for some £\ < i. Then we have 

E Met) - ©^ Mb) < pi#A 

aeA ™ beB 


Here 



v{p) = #{1 < ai,..., a n _ fc < p : N K ( a) = 0 (mod p)}, 

n 

V 2 (p) = #{1 < ai,..., a„ < p : N k /q(Y' j ai vM 1 ) = 0 (mod p)}. 

Z =1 


Proposition 5.2 (Sieve asymptotic terms). tFe have 


E 

N(b)<X n ~ k ~ c 

p|S=Ap>3i 


_ 4k A 

5M,3i)-6|^S(B a ,3i: 


<C 


exp(—e 1 / 2 )#A 
log A 


: n(i-M" 

Pl<?* 


Here © and v(p) are as in Provosition \5.1\ 


By Proposition 15. II and 15.21 the last three terms on the right hand side of (15.31) are 
negligible on choosing A = ©#A/#H . This will then give us the lower bound 




n(>- 

■nl nr* 


M) XM 

p n - fe / /' 


In the case n > 4fc, the corresponding expression is 

S(A, i2 ) = \S(B, i2 ) + (s(A,n)-\S(B,n))- E ( 5 M P ,p)-A 5(Bp,p)) 

3i<P<32 



Since Res s= i(L(s, y* 2 ) + L(s,x*))/2 = ”/Kq* n /4>K ((</*)), it follows that we have 
= (1 + o(l))?^ 2 7ifiV ( 5 ! 'g*"/2(/)if ((q*))- Trivially we have that #Al = (1 + 

o(i)K~ k (<i*)- {n - k) Yr;=i k x*- 

We now sum over all a 0 € [1 1 q*] n ~ k with AT(^^T 1 fc (ao)i \/0 i_1 ) coprime to </*, 
which will remove any possible distortions in the density of prime ideals (mod q*). 
We can asymptotically estimate the remaining terms (since these only involve the 
simple set B), which is summarised by the following Lemma. 
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Lemma 5.3. Let KC1 ( be a polytope contained in [e 2 ,n] e which is independent 
of X. Then 


E E = 

aoE[l,<7*] n-fc bEB(ao) 


{q*) n ~ k V i /2 N q 


n( 

p\q* 


2 log X 

The integral above is interpreted as 1/n if I = 1. 


1 - 


v(.P) 

rJl—k 


de i... dez-i 

e\ ■ ■ ■ ei 


+o 


(ei,...,ef)G7?. 

ei=n 


We see that 

6 (q*) n ~ k ril /2 NZ 


■no-=)=(«•> 

p\q- 


,_ fc 6 g*"(l + 0 (l) ) 
7if<M(<?*)) 


n 

p\q- 


and, recalling 7 k = n(i — v- 2 (p)p n )(l — P x ) is the residue at s = 1 of (k(s), we 
find that 


q 


7 K(t>K(q*) 


sn(‘- 

p\q * 


' 0 ) 


P 


,n—k 


= e. 


Also, there are rip| g (l — v {p)p ^ k ‘ > ) vectors a 0 with gcd(A r (ao), q*) = 1. Thus, in 
the case n > 4k, this gives 

E S(A li2 ) = (l + 0 (e)) & * £/ 

ao£[l ,q*] n - k 

as required for Theorem ll.il In the case n < 4k, this gives 

©#32/ 


E S(A, i2 )> 

a o 6 [i,g*] Tl-fc 


n log X 


n log X ’ 
gives 

(l-£/*«+ 0 (e)). 


where, if 77" C 


In," = n 


de 1 ...de^-i 
ei ... e.( 


(ei,...,ee)en" 

Ei=1 e<=n 

Thus we obtain a lower bound of the correct order of magnitude 

n—k 

#jx <E [X t , X; + rftXi] n ~ k : n(^ 2 x i ^ primej » 

i=i 


© ?? n-fe x „-fc 

logA 


provided we can choose our decomposition such that Yin" Ai" < 0.99, say. Since 
the range of the asymptotic regions is strictly decreasing as k/n increases, estab¬ 
lishing that Yin" In" < 0.99 when k/n = Co certainly gives a suitable lower bound 
for all k/n < Cq. 


Since we use the same decomposition as Harman in [5] the integrals In" are identical 
to those produced in his problem (although his notation is somewhat different.) 
This means we can make use of Harman’s numerical calculations which show that 
(in our notation) Yin" In" < 0.891 when k/n = 0.3182, thereby giving the result 
for n > fc/0.3182. Since 0.3182 < 7/22, the result follows. 

Thus, to establish Theorems 11.11 and 11 .2 1 for K = Q( VO), it suffices to prove Lemma 
15.31 and Propositions 15.11 and 15.21 
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6. Type I sums 


In this section we establish Lemma 15.31 and Proposition 15.21 under the assumption 
of Proposition 15.II bv using estimates from the geometry of numbers. 


Lemma 6.1. Let IZ QWL e a region such that any line parallel to the coordinate axes 
intersects IZ in 0(1) intervals. Then we have 

e-i y 

#{x G z f n iz} = vo \n + o(i + £ J. ), 

j =1 1 li=l 

where Vj is the sum of the l — j dimensional volumes of the projections ofIZ formed 
by equating any j coordinates to zero. In particular, if IZ V [— B,B] 1 and ACZ* 
is a rank I lattice with successive minima Z\ < • • • < Z^-k, then we have 


#{xe An 1Z} 


volT Z 
det(A) 


+ 0 


( 1 + £ 



Proof. The first statement is Davenport’s theorem [3]. For the second statement, 
there is a basis z lt ... ,z e of A with ||zj|| <C Z t and || a i z i II » Yfi=x IK:Zi||- 
Letting M be the lx I matrix with columns Zi, ..., z we see that counting x G An 
1Z is the same as counting x' G Z e r\M~ 1 IZ. This region has volume vol 'IZ / det(M) = 
volTZ/ det(A), and since || Y?i =l a i z i\\ < Xw=i \\ a i z > \\ « 5 we have |a»| <C B/Zi, 
so in this case Vj = 0(B e ~i / Zf). □ 

Lemma 6.2. Let IZ = IZ(X) C [—X , X] n ~ k be a region depending on the parameter 
X satisfying the conditions of Lemma 16.11 (with I = n — k) such that IZ contains a 
hypercube of side length x 1 ^ 1 ^ 2n . Then, for any fixed Q and any Xo G Z" we have 

j. #{x G Z n ~ k VIZ : x = x 0 (mod Q)} 1 

x->oo ff\o\IZ Q n ~ k 


Proof. We choose y G IZ such that y = Xo (mod Q ), which clearly exists (for A' 
large enough) since IZ contains a hypercube of side length x x ~ Y l 2n > Q. We then 
let x = y+ Qx', and so x G IZ if x' is in a translated, scaled copy of IZ. The number 
of such x' is volT Z/Q n ~ k + 0(X n ~ k ~ 1 /Q n ~ k ~ 1 ) by Lemma T 6 .II But IZ contains a 
hypercube of side length x 1 ~ 1 / 2n , so this is (1 + o(l)) \o\IZ/Q n ~ k . □ 


Proposition 6.3 (Type I estimate). Let n > 3 k. Given a region IZ C [—X, X] n ~ k 
satisfying the same conditions as Lemma 1 6. 21 and a vector Xo G Z”~ fc , and a 
quantity Q < A 1 / 2 , we define the set 

n 

lo = x-i Z/8 i ~ 1 : x G IZ, x = x 0 (mod Q) j. 
i=1 


We let = {c £ ^ : 01 (c)} be the elements of ^ which generate an ideal which is 
a multiple ofd. Then we have 


E 

AT(0)e[D,2D] 

gcd(JV(0),Q)=l 


#^D 


p(U) volIZ 
Q n ~ k N(d) 


^ xn-k-lQn+o(l) _|_ Z)Q n +°( 1 '> 
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In particular, taking 1Z = [X\, X\ + r/iXi] x • • • x [X n -k, X n -k + rnX n -k], x 0 = a 0 
and Q = q*, we have 

p(0)#-4 


E 


JV(0)6[D,2D] 
gcd(IV(0),g*) = l 


#-4o - 




J^n-k-l+o(l) jyl/(n-k)+o(l) _j_ JJX 0 ^). 


Here p is the function defined by 


p(0) = #{x6[l,j V(0)r- fc : *!(££? 


N(*) 


n—k—1 


Proof. We consider separately the contribution from ideals 5 occurring in each 
class C £ CIk- Given a class C, we fix a representative integral ideal c £ C with 
gcd(A r (c), Q) = 1. We can choose such an ideal with N( c) <C logQ. We let (<5 C ) be 
the principal fractional ideal Dc^ 1 , where the generator 5 C = E"=i di : V0 i ~ 1 /(9nN(c)) r 
is chosen such that di £ Z with di <C N(c) n ~ 1 N(j)) 1 / n <C D 1 / n Q°A ). There is such 
a representation, since Oc _ 1 (fV(c)) is integral and Z[\/d] is an order in Ok of in¬ 
dex dividing ( 9n ) n , and by multiplying by units one can ensure all coefficients 
have the appropriate size. This gives the upper bound \Sf | <C D 1 / n Q o( ' 1 ' > for ev¬ 
ery embedding a : K ^ C. Since N(d) D we also have the lower bound 

W\ = N(S C )/U^\s?\ » D^Q-°W. 

We see that 

#{a £ & : 01(a)} = #{a £ ^ : (a) = a'O = a'cOW 1 £ ^ some integral a'} 

= #{/3 £l<: 5 c (3£V, c| (/?)}. 

Here we have put ft as a generator of the principal ideal a'c. 

We let (3 = ( 9n)~ n EILi h ^ 9 i ~ 1 with b £ Z". This representation is unique 
provided b satisfies some linear constraints L(b) = 0 (mod ( 9n ) n ). (Since Z[\/9\ 
is an order in Ok of index dividing ( 9n ) n .) Moreover, we may introduce a further 
linear restriction (mod ( 9n ) n ) to ensure /35 c £ Z [y/Q\. We write L(b) = 0 for these 
restrictions. We now split the count into residue classes mod q = Q(9nN( c)) 71 , so 
that we are left to estimate 


( 6 . 1 ) 


E' E 


i. 


bo b£Z n 

b=bo (mod q) 
8 C 


Here Eb 0 indicates we sum over bo £ (Z/gZ) n with the restrictions that the 
ideal generated by fio = (9n)~ n E"=i(bo)j V 9 i_1 must be a multiple of c, that 
fio6 C has coefficients of \Z9 l ~ l which are zero mod q for i > n — k, that L(bo) = 
0 (mod (9n) n ), and that 5 c fi o = ElE^o)* V9 i_1 (mod Q). 

We concentrate on the inner sum. We let 0 o b denote the vector c such that 
EiLi c i ']9 i ~ x = (E"=i di \/6 i ~ 1 )( E"=i h y/9 i ~ 1 ). We see that the coefficients c* 
are given by bilinear expressions in the coefficients di, bi so Cj = 0 for n — k < j < n 
is equivalent to Li jC i(b) = 0 for k linearly independent functions Li d, • ■ •, Lk,d- 
(They are linearly independent since otherwise Lemma 16.21 would not hold). These 
constraints force b to lie in a rank n — k lattice A 0 . Since the coefficients of 
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the functions are of size -C ma Xidi -C D 1 / n Q°^ 1 \ this lattice has determinant 
•C D k / n Q°( 1 K (This bound follows from considering the dual lattice, and is also 
immediate from Lemma 18. Il l 

There is clearly a vector bd) in the lattice A D such that /3i = ( 9n)~ n YP=i ^®* _1 

satisfies /3i = /?o (mod q) since there is an a = Y^7 =i ai ^^ i_1 e ^ with a = 
5 c (3o (nrod q). We then let (3 = (3i + qfo, with /3 2 = ( 9n)~ n YP=i ^P for 
some b( 2 ) g jn' q+ us we } iave 

E 1 = E !■ 

bez" b (2) eA a 

b=b 0 (mod q) 5 c /3i+ 9 5 c /3 2 G*’ 


We let zi,..., z„_fc = zi(D),..., z n -k{^) be a basis of the rank n — k lattice A 0 , 
ordered such that ||zi|| < ••• < ||z„_fc|| and satisfying ||zj|| <C det(A 0 ). Thus 

b^ 2 l = Y^i=i b'i z i for some coefficients b\ g Z. Since |<5^| D x l n q°^ and any a g 
^ has \a a \ -C X 1 /”, we see that |(/3i +qf3iY\ {X/D) l / n q°^ for all embeddings 
u. In particular, this means that Hb^ — K z i\\ X 1 ^ n D~ 1 ^ n q~ 1+0 ^ 1 \ so 6 ' 

must lie in an interval of length <C X x l n D~ x l n ||z^|| — 1 <C X x l n D~ x l n ||zi|| _1 . 

The conditions b^ g A D and 5 c 0i + qScfo g if is equivalent to M 0 b' g TV , for 
some suitable (n — k) x (n — k) non-singular matrix Mq depending on d, q , c but 
not X , and for some region 7 Z' which is a translate of 7 Z. Thus, by Lemma 16.11 
(recalling each of the b\ lie in an interval of length 0(X 1 ^ n D~ 1 ^ n ||zi|| -1 )) we have 

( 6 - 2 ) E 1 - ^(Mj,) + \ 1 + ||z 1 (D)||"- fc -i£)(”- fc -i)/")' 

b'ez"- fe n m-'r 


Since vol7 Z' = \o\lZ is independent of 0 , and det M a and are independent of 
X , we have (using Lemma T6. 2 1 for the final equality) 

v ~- f vom' v ■\ / 1 p( 0 ) vol7£ 

E det (Mg) ~~ V ° E detMa ~~ Q n ~ k N(Zi)' 

bo bo 

This gives us the main term contribution in the result. We are therefore left to 
show that the contribution from the error terms in flop summed over all 0 g ^ 
with iV(D) <C 77 is 0 (X Tt_fc_ 1 77 1 A n_/c )+ 0 ( 1 )g°( 1 ) +77), since there are 0(q n ) choices 
of b 0 g (Z/gZ) n and C g CIk■ The 0(1) term in (16.21) clearly contributes 0(77), 
which is acceptable. We note that 

||zi(D)|| < (|M®)||... ||z„_ fc (h)||) 1/(n - fe ) « det(A 0 ) 1 /("- fe ) « 77 fc /(" 2 - fe ”V(i), 

and recall that Ei=i diVW~^ = d(9n) n N( c)/c determines 0 uniquely and has 
||d|| <C D 1 / n q°( 1 \ Moreover, since Zi(D) g A 0 , we have (dozi)j = 0 (n—k < j < n). 
Finally, given x g Z ra , there are at most r(JO" = r i fc Xi y/9 i ~ 1 ) <C ||x|| choices of d 
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and Zi(0) such that zi(P) o d = x. Putting this together, we have 


E i< 

Di<IV(0)<2Di 

Zi<|| z i( 0 )||< 2 Zi 


E E i 

Z 1 <\\z 1 \\<2Z 1 ||d||<Dj 7 ’ 1 i 2 o(1) 

(dozi)j=0 if j>n—k 


n—k 

< y r (E Xi 

x6Z n-fc *= 1 

||x|| <%LD\' n Z iq °™ 

^ n (n-fc)/n+o(l) yn-k+o( 1) Q (l) 

i u i q 


Thus, since ||Z! H” k <C D k / n q°^ 1 \ the total contribution from the error term 
0(X n - k - 1 N(d)-( n - k - 1 V n \\zi\\-( n - k ~ 1 '>) in E 3 ) is 


E E 

£>i= 2 31 Zi= 2 J 2 

zf~ k ^D k/n q° m 


x n - k ~ 1 z™- k D ( ( l ~ k)ln \ z iDiq) o{1) 

gn-k -1 jj(n-k-l)/n 


< X n ~ k ~ 1 D 1 ^ n ~ k ^ (Dq)° 


as required. 


□ 


Lemma 6.4. 


E 

N(V)<D 


##D 


#g 

iV(h) 


<C 


Proof. This follows from a classical theorem of Weber that the number of ideals 
o of norm at most Y with x*(a) = x*(a 0 ) is 7 i K q* n Yl2f> K {q *) + 0((g*) n r 1 ” 1/n ), 
where 7 # = Res s =i Cic(-s). Letting b = at) G # D , this gives 

#B » = *{*■■ rn - w(0) £ m ■ x ‘ { “ ] = x ' (0o) } 

_r]l ,2 l K q* n X n /I"- 1+ °( 1 K 

“ 2f) K (q*)N(d) + °\N{jO) 1 - 1 / n )' 

Summing over 0 then gives the result. □ 


Lemma 6.5. (i) p(p) = 1 for any degree one prime ideal. 

(ii) We have 

n—k 

#{x G [1 ,p 2 ] n ~ k : p 2 \N(Y Xi Ve^ 1 )} < p 2n ~ 2k ~ 2 
2=1 


In particular, for any ideal with N(e) a power of p, we have 

1 


unless e is a degree 1 prime ideal above p. 
(Hi) p( ob) =/ 9 (a)/o(b) if gcd(7V(a), N(b)) = 1. 



Proof, (i) Let N(p) = p. There exists a G [l,p] ra such that p|(57=i a * 
but p 2 \ 7V(Er =1 a i v^ i_1 ) (since there are asymptotically more ideals a mul¬ 
tiple of p then having norm a multiple of p 2 , by Lemma EH- But then the 
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multiplication-by -^" =1 ai\/9 i 1 matrix has rank n — 1 over F p , so the p n 1 dis¬ 
tinct multiples of Yli= i V ^’ -1 dr {EiLi 4 ^/0 i ~ 1 (mod p) : 6 ,; £ Z} are all the 
elements of Ok/pOk which generate an ideal which is a multiple of p. Finally, we 
note that Y4i=i 4 ^ 0 i_1 being congruent to a multiple of X ^ =1 Uj is equiv¬ 

alent to L p (b) s 0 (mod p) for some linear function L p , since the multiplication- 
by-Y”_i ^~ 1 matrix has rank n — f. Therefore p(p) counts the number of 
x £ [1 ,p] n ~ k such that L p (x) vanishes mod p. But x i 0 i ~ 1 ) has no fixed 

prime divisor so L p cannot vanish of [1 ,p] n-fc , and so there are p n ~ k ~ 1 such x, 
giving p(p) = 1 . 

(ii) We may assume p \ Ak since A k = 0(1)- But Xi y/8 i ~ 1 ) is an 

irreducible polynomial over Q (seen by considering N[x\ + X 2 V 0 )), and so the 
result follows immediately. 

(iii) This follows immediately from the Chinese remainder theorem. □ 


Lemma 6.6 (Fundamental Lemma). Let 30 be chosen maximally with N( 30 ) < 
2 

X e . Then we have 


E 

N(D)<X n - k -‘ 

P|E>=^P>3o 


- 4hA 

S(Ai,,3o)-6A^S(B 0 ,2o) 




exp(e 1//2 ) 
log A 


#^n( 

vW 


1 - 


4 p ) 

v n—k 


-1 


Proof. We first relate the estimate to a sieving problem over Q, where the result 
then follows from the classical ‘fundamental lemma’ of sieve methods. We have 

S^o^o) = #{a £ .Ad : p|a => p > 30} 

= #{a£„4 D :p|A(a)=>p>X £2 } + 0( ]T #{a £ A* : p 2 |iV(a)}). 

p( z[X‘ 2 /n,X* 2 ] 

By Proposition 16.31 and Lemma 16.51 the final term is 0(X n ~ k ~ e / n ). The first term 
is a classical sieve quantity. By Proposition 16.31 we have for gcd(e, _/V(5)) = 1 and 
gcd(g*, eiV(<5)) = 1 that 

#{a £ A, : e|iV(a)} = + O(R 0 (e))), 

where p 2 is the multiplicative function arising from inclusion-exclusion defined by 

P(P) v- P( P 1 P 2 ) 


P2(p) = E 


E 


p P ^p 2 

p|Af(p) p|AT(pi),jV(p 2 ) 

#{a £ [l lP n ] n - k : p\N(YTiZi _ v{p) 


T,(n—k) 


1 — k ’ 


and where the error terms i? D (e) satisfy 


:/(2r^) 


E 

N(Z)<X n - k -‘ e<x 

P|0=^P>3o gcd(e,ij*Ar(D)) = l 

(6.3) 


E Rt >^ ^ E E 

Af(0)<X"- fc -« N ( c)<X‘ /2 


* A ° e n{2)* a 


gcd(AT(e),<?* iV(Z>))=l 


< ^ n—k—e/2n 
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We note that we have p 2 {p) = v{p)/p n ~ k = v p /p + 0(p~ 2 ) by Lemma [6~5l where v p 
is the number of degree one prime ideals of K above p. By the fundamental lemma 
of sieve methods (see, for example, [5] Theorem 6.9]) and the bound (16.31) we have 


E 

N(<))<X n - k - € 

p|D=>p>3o 

(6.4) 


<C exp( 




p(0)#-4 

iV(h) 


n ( 


i - 


jp) 

t n—k 


p<X e 



p\q* 

) n 1 

2 

p<X 

p\p 



N( 0)<X n - k ~ € 
p|a=^p>3o 


N(D) 


+ o{x n ~ k -^ 2n ). 


The sum over 0 in the final bound is then easily seen to be 0(e 2 ) by an Euler 
product upper bound and Lemma T6. 5 1 

We now replace p( 0 ) with the constant 1 in the main term of (16.41) . Since p(p) = 1 
on degree 1 prime ideals, and t) is restricted to prime factors p > 30 , by Lemma l6~5l 
we have that 


E 

IV(E>)<X n - fc - e 

p|0=>p>3o 


(£(g) ~ 1) 

N(D) 


« E 

p>x« 2 /" 


< X- £2 /", 


so this change introduces a negligible error. Thus, since © = n p (i-^(p)p- (n - fe) )(i- 
p -1 ) -1 = 0 ( 1 ), we have 


E 

N(D)<X n - k - e 

p|0=^p>3o 


^(-^Oj 3o) 


#A 

N(p) 


n (i-S) 


<c 


p<X e 

p\q* 


exp(—e 

fogX 


n(>-^4) 


p\q* 


An identical argument works for the sets 3$, with ^(pVp™ instead of v{p)/p n k 
Subtracting these expressions, and noting the main terms cancel, we have 


E 


N(t>)<X n - k - e 

p|D=^p>3o 


~ 4fA 

S(A 0 , 5 o)-&jgS(Bt,3o) 


<C 


exp(—e 1 / 2 ) 
log A 


*<n('-^) 

p\q* 


-1 


□ 


Using Lemma 16.61 we can now prove Proposition 15.21 assuming Proposition 15. II 


Proof of Provosition \5.2\ To ease notation let ao, 0 i,a 2 ,a 3 be chosen maximally 
with respect to our ordering of ideals subject to iV(ao) < X e , iV(ai) < x n ~ 3k ~ 2e , 
N( 02 ) < X k+e and IV( 03 ) < X n ~ 2k ~ e . (We see from this choice that ao = 30 and 
cii = 31 defined previously.) We first consider the contribution from £) < CI 2 . We let 
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T> = {5 : 5 < 02 , p|5 => p > Jo}- Given a set of ideals C we let 


T m (C;0) = 

E 

S(C Pl . 



a 0 <Pm<---<Pi<ai 

DPi...Pm<a 2 



U m (C; D) = 

E 

S(C P1 . 

■ Pm ’ pm)) 


ao<Pm<---<Pi<ai 
t)p 1 .. .p m ^ ci2 



V m (C;0) = 

E 

S(C Pl . 

• Pm ) Pm)- 


ao<pm<---<pi<ai 

a2<E>pi---Pm<a 3 


Since 02 ai < CI 3 , we have by Buchstab’s identity that 

U m (C;d) =T m (C- : d) - t/ m+ i(C;D) - V m+1 (C;D). 

We define T 0 (C; 0 ) = S(C; 00 ) and Vo(C; 0 ) =0. This gives 

S(C, ai ) = Tq(C; D) - Vi(C; 0 ) - C/i(C;t>) = ^ (-l) m (T m (C; 0 ) + V m (C;V)). 

m> 0 


We apply the above decomposition to Ad- This gives an expression with 0(e~ 2 ) 
terms since trivially T m (A p ) = U m (A p ) = V m (A p ) = 0 if m > (n— 2k— e)/e 2 . Ap¬ 
plying the same decomposition to S{B o,Oi), subtracting the difference, and sum¬ 
ming over iiePwe obtain 


E 5 ^’ 0 1 ) 

DSD 


A Y, S(B„ ai ) < £ 


Dev 


0<m<.n/e 


^(T m (A 0 ;P) 

DGX> 


+ E |E(EMd;P) 

0 <m<n/e DeV 


AT m (£? 0 ;c>)) 



By Lemma 16.61 we have 


^(T m (A o ; 0 ) - \T m (B\ 5)) < 


e 2 exp(—e X )#A tt A _ v (p) 

log A J-J-V pn-k 

P 19 * 


-1 


and by Proposition [5T] we have \V m {A\ 0 ) — XV m (B:d)\ <C ffA(\ogX) 10 . 


The contribution from c) with 03 < O and N(d) < X 1_fc_e can be handled by an 
identical argument, with 02 , 03 instead chosen maximally such that N( 02 ) < X 2fc+e 
and N( 03 ) < X n ~ k ~ € . This is because if o £ -Ao Pl ... Pm with 02 < Dpi.. .p m < 03 
then a = Oi 0 2 with iV(oi) £ [X 2k+e , X n ~ k ~ € ] so iV(o 2 ) £ [X k+e , X n ~ 2k ~% which 
means such sums can be handed by our Type II estimates. 


The contribution from d with CI 2 < 0 < CI 3 is negligible automatically by Proposition 
IS.ll This gives the result. □ 


We finish this section with a proof of Lemma 15.31 


Proof of Lemma 15.51 This is follows from the prime ideal theorem and a Polya- 
Vinogradov-type inequality for Z[ \/6]/q*1,[ Vff\. For ease of notation, we let q = q*. 
We let x be the character on Z[\/0]/gZ[v / 0] so that x( a ) = X*(( a ))- We may 
assume without loss of generality that x is primitive, since otherwise the result 
follows by an analogous argument by splitting into residue classes (mod q') where 
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x' (mod q ') is the primitive character inducing X- Finally we let ip be the additive 
character of Z[ •(/#]/ qZ[\/8] given by V'EjLi a j ^$ J_1 ) = exp(27r ia n /q) and x be 
the Fourier transform of \ given by 

x(£) = E x{i)i>{fo)- 

'ieZ[V6]/ql,[V8} 

By Parseval’s identity (using = 0 unless /? = 0 G Z[\/0]/gZ[\/0]), we 

have 


E lx(a)l 2 = ^r \xm 2 = 1 . 

«ez[ Ve]/ 9 Z[ V?] /3ez[v^]/ g z[ Ve] 

Since x is primitive, we have that x(/3) = 0 if /? ^ (Z[v^j/gZfv / 0]) x , whilst if 
/? e (Z[^]/gZ[^]) x we have %(/?) = xC®)x(l)- Thus the magnitude of x is 
constant on (Z[v / 0]/gZ[{/0]) x and so |x(/3)| < </>ic((g))” 1//2 for all /3. (We recall 
that </> K ((q)) = Ilp|(,)(^(P) - 1) = #(Z[v%gZ[^])x.) 

We let a(ao) = J27=i( a o)i y/0 i ~ 1 . By orthogonality, we have 


E X(a(a 0 )) = X{P) E 4>{/3u( a o))- 

aoe[i,g] n_ '‘ /3e(z[ Vs\/qi[ Ve]) x aoe[i,g] n - ,a 

Recalling our choice of ip, we see that ^>((X3j=i a i ^i bj V^ -1 )) is given 
by exp(27ri YTj=i a jb n +i-j/q)- Thus 

(6-5) X(a(a n )) = q n ~ k ^ x{/3). 

a 0 e[l M rl ~ k b£[ 1 M n 

b„=b„_i=--=bfc + i=0 


The sum above is over q k terms all of size at most (pxiiq )) 1 ^ 2 - Hence 


E 

»o6[l,«] 


X(a(a 0 )) < 

-k 


<t>K((q )) 1 / 2 


< g n/2+o(l)_ 


Since n > 2k and q —> oo, we see that the sum is o(q n k ). We define the interval 


r logiVo" logW+vl^N^ i 
. logX ’ logX 
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Thus, by the prime ideal theorem and partial summation, we have 

E E M b )=o 


E M b ) E (l + X*(ao)) 


ao6[l,9]" _fc beB(a 0 ) 
gcd(JV/r(a 0 ),9*) = l 


NZ<N(b)<NZ+ v 1 1 /2 NS 

'(P) 


(1 + o{l))q 


i—k 


a 0 e[l ,q} n ~ k 

gcd(Aic(a 0 ),q*)=l 


A"<A(b)<A" +I?1 1/2 A 0 " 


(l + o(l))g"- fc 


n (i-p) e 

Pl9 N™<N(b)<N? 


n( 

pi? 




1 - 


Kp) 

rJl—k 


6 i dei... dee 


(ei,...,e £ )G7?. 

E -=1 e 4 eix 


ei... 


(l + o^hE^-^TTK KK 


2 log X 


no-^) / / 

p I® r«, ,, < 


dei... de<;i 

d ... 


(ei,...,e«)e'R. 

E-=i e«=n 


Here we used the fact that 1Z is independent of X and X^*=i Bi = (1 + 0(ti1^ 2 ))Nq 
for (ei,..., ee) G TZ in the final line. □ 


Thus we are left to establish Proposition 15.1 


7. Type II Estimate: The L 1 Bounds 


In this section we introduce an approximation I 7 1 ss I 7 z in our Type II sums, and 
establish various L 1 estimates based on this. Much of this section is a generalization 
of the corresponding estimates of Heath-Brown m- 


We wish to show that 
(7.1) 


E l7 K a ) - E M b ) < m#A, 

aeM ^ 0 beS 


where 1Z C [e 2 ,np is a polytope such that there is an £2 < £ so that any e £ 1Z 
satisfies k + e < Xa=i ei < n — 2 k — e. We recall that 771 = (logX ) -100 and that 

E a = pi.. .pe with N(pi) = X ei , (e x ,. . .,ei) G TZ, 


1k(o) = 


0 , otherwise, 

n—k 


n—k 


A = j(E a * 1 ) : Xi <cii< Xi + 771 Xi, E a i ^ = a 0 ( m °d <?*) j, 

i=l i=l 

B = {a : JV(a) G [N£, (1 + vl /2 )K], x*(I) = 


with TVy > <W™ the smallest norm of an ideal in A. The quantity & is as defined 
in the statement of Proposition 15. II 


We first split 1Z into 0(r/^ e ) hypercubes so that each of ei,..., eg lie in intervals 
of side length 771. Since 1 -r.(ci) > 0 , we may lower bound the sum over a G A by 
restricting to those hypercubes fully contained in 7 Z, and upper bound by extending 
the summation to all elements of any hypercube intersecting 7 Z. Since there are 
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0(rj 1 ^ ^) hypercubes C intersecting the boundary of 1Z , we have by the prime 
ideal theorem that this error is 


<C © 


*A 


Y Y ^ 

c bee 

cnn^o.cgiz 


Thus, to show CD, it suffices to show a bound 0(r)[ +1 #A) when 1Z is simply given 
by a direct product of intervals of length rji and for every (ei,..., ei) G 1Z we have 
k + e/2 < Eiii e i < n — 2k — e/2. In particular, it suffices to consider sums of the 
form 

Y 1 ^i( a i) 1 ^ 2 ( a 2 ) - ^uMiAkA^), 

a i, ci 2 '' ai,ci 2 

01 ( 126.4 010266 

where TZ\ C K fl , 7Z 2 C l / 2 and each component of e G TZi x TZo lies in an interval of 
length 771 . Moreover, 1-r 2 is supported on ideals b withfV(b) G [X k+t / 2 , x n_2fe_e / 2 ]. 
Finally, it will be convenient to split the sum to localize the size of the norm of ab. 
By partial summation, we see it is therefore sufficient to show that uniformly over 
all eX < Xo -C X and over all such TZ\ , 7^2 we have 

(7-2) Y 1 TCi(oi) 1 -R. 2 ( tl 2 ) - 'tg, Y l-Ri(ai)l TC 2 (a 2 ) < 

Cll,Cl 2 '' Oi, CI 2 

where 


A' = {a G A : N(a) G [. X 0 ", X 0 " + 7 ? 2 X 0 "]}, 
B' = {b£B: N(b) G [XZ,XZ + 772 A' 0 n ]}, 

2C+2 

V 2 = Vi ■ 

We will establish this over the next two sections. 


We first wish to replace 1-r 2 (b) with a more easily controlled approximation I 7 z 2 (b). 
To do this we will take into account the possible effect of an exceptional character 
distorting the distribution of prime ideals in residue classes (mod q), and so we 
recall the following results on zero-free regions for Hecke L-functions (see (T7J The¬ 
orem 1.9], for example, for more details). This also makes precise the choice of q *, 
X* in the definitions of A, B which so far have been treated as arbitrary quantities. 

There is at most one modulus q* with 7V(q*) < exp(-v/logx) and at most one 
primitive Hecke character x* of the narrow class group (mod q*) such that the 
Hecke L-function L(s,x*) has a zero in the region 

Is = a + it : a > 1- . 1. 

I v /log.Y(2+|t|)i 

This character, if it exists, must be a real quadratic character and the corresponding 
L- function has a unique real simple zero /3* in the above region. The modulus q* 
in this case must satisfy q* = N( q*) > (logX) e and must be square-free apart 
from a factor of size 0(1). In particular, we have the prime number theorem with 
Grossencharacters that 

Y A ( a M a ) < X exp(— c^logX) 

N(a)<X 


(7.3) 
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uniformly over all non-trivial Grossencharacters x y X* of conductor < exp(vdogX) 
(including those with non-trivial infinity-type), whilst if X = X* we have 

_ vp* 

(7.4) A (°)x(a) = +0(Xexp(-ev / logX)). 

N(a)<X P 


With this established, we can now describe our approximation liz 2 . If such a 
character x* does exist with corresponding modulus iV(q*) < exp(vdogX) then we 
define 


(7.5) 

where 


lw a (b) = c* 2 (iV(b))(l + 


X*W 




-p* ) 5Z 


D|fa 


R = X e , 

_ l°g iv^yj N(d)<R, 
0 , otherwise, 

cfei... deg 2 —1 


Aj, — 


c n 2 (t) = j ■■■ J 


(ei,...,et 2 )E7Z2 
121=1 e<=Iogt/ log X 


(log x) n-ii e, 


If x* does not exist or if IV(q*) > exp(vdogX) then we simply define 

lrc 2 ( & ) = cn 2 {N(b)) y^A D . 

D|fa 


We will argue in the first case when x* does exist; the argument entirely analogous 
in the alternative case but with all terms involving \* 1 (3* simply removed. The sum 
J0 a | b Ao should be thought of as a sieve weight which approximates the indicator 
function of ideals with no prime ideal factors of norm less than R , whilst the other 
factor represents the density of 1tz 2 on ideals of norm approximately N(b). 


Since all the ej lie in intervals which are bounded uniformly away from 0, we have 
the Lipschitz bound 

£ 

(7.6) cn 2 (t + 6) - cn 2 (t) < tl x - 
We will now proceed to show that 

(7.7) J] l Kl (a)l^ 2 (b)= 53 l TCl (a)l K2 (b) + o(^ /2 #^), 

a,b a,b 

ab^A' ab^B' 

so as to reduce the problem to showing lrc 2 (b) « l^ 2 (b) for b € A! a , which we do 
by our L 2 estimate in the next section. 


Lemma 7.1. 

53 1 Ki(a)lK 2 (b) 
a,b 

ab et3' 


(g*) n ciz 2 (XZ)#B' / x*(ao) \ 


+ 0{rf 2 XS). 
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Proof. We recall that B' = {a : N(a) € I, X*(a) = X*(ao)}, where X is the interval 
[XS,XS + ViXS]. We have 

^ = \ E 1 ^i( a ) 1 ^2(f’)(l + X*(ab)x*(ao))- 


a,b 

abe#' 


a,b 

iV(ab)<EX 


By the prime ideal theorem and partial summation we have 

X^+i ei dei... dee 


E 1 ^l( a ) 1 ^2(t') = J J 


a,b 

iV(ab)<EX 


(ei,...,e^)G7?-i x7?-2 

a+=i ex 


n«=i e i 


+ 0 (t7 2 2 X") 


= \ogX [ X t cn 2 (X t )dt + 0(ri 2 2 X n ). 
Jx*ei 


Similarly, using fra we have 


E l Wl (a)l Wa (b)x*(ab) = ? ^ 7 / X^c^X^di + OfafX"). 

1-P J JA*ei 


a,b 
7V(ab)e I 


Let s 0 = log Xq 7 log X and ry 0 = log(l + 772 )/log X <C 772 /log X. Thus, by the 
bound (USD we have 

pso+Vo 

log X / X‘c TC2 (X*)di = 772X0 c-r, 2 (Xq ) + 0(772 X'q), 

J Sn 


/SO 

/•So +1)0 , 

log X / X 4 c TC 2 (XO* )dt = m xf cn 2 m + O(77 2 2 X 0 "). 
J So 

Since #B' = 4>k ((<Z*)) 7 rP 7 2 Xo /2(q*) n + 0(X" _1 ) this gives the result. 
Lemma 7.2. There is a constant c > 0 such that 

(q*) n & 


□ 


y^ log JL_ _ _ 

^ N(U) 8 N(V) <t>K{{q*))'YK 


+ 


N(Q)<R 
gcd(7V(0),(?*)=! 


0 ^exp(—c-\/log R)Y 


Proof. By Perron’s formula we have (noting that the integrals converge absolutely) 


y j r 

Z- X(3) 8 


fl+ioo j^s 


N(V)<R 
gcd(AT(0),(j*) = l 


N(D) 2m J 1 _ i 


ds 


(* 1+200 


(7.8) 


R 


1 


27T7 Ji-ioo S 2 Ca(1+s) 


VZ-^ X( 0 ) 1 +w < 

f(l + s)ds, 


where f(s) is given by the Euler product 

Ma)p(a) 


/(»)=n h+ e 


p\q* 


N(a)=pi 


N(a) 


^ E 


N(a)=pi 

V', 


p(a) 

N(a) s 


n (1 - v f s +o(p- 25R(s) )) (i - p+o(p- 2 ^ s ) 


no 

Pl(«*) 

Ilf 


N( P y 


1 


X(p)^ 


pfa* p|(<?*) 

Here we have made use of Lemma RTSl to bound the 0{) terms. In particular /(1 + s) 
converges absolutely for 5ft(s) > —1/4. We first move the line of integration in 
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(17.811 to 3?(s) = 1/ log-R, and then truncate the integral to [1 — iT, 1 + iT] where 
T = exp(y / logi?). This truncation introduces an negligible error 0(logT/T) by 
the bound Of(l + 1/logf? + it ) _1 <C log(2 + |t|) for |t| > 1. We then move the 
integration to 5ft(s) = —c/ logT, where c > 0 is a suitably small constant such that 
we have the bound (k(s) <C log(2 + |s|) within this region. This introduces a term 
from the pole at s = 0, and an integral over the contour line 5ft(s) = —c/logT, 
which contributes 0(i? -c / logT ) <C exp(—c-ydog R). Thus only the residue at s = 0 
makes a non-negligible contribution, and we have 


E 




N(0)<R 

gcd(JV(0),g*)=l 


1Y(D) 


log 


R s f(i + S ) 
N(d) s=o s 2 Cic(l + s) 


= Res 


0(exp(-c V / toii?)) 


7^/(1) + 0 (exp(-cVbiR)). 


The result follows on noting that /(1) = &(q*) n / (j>K ((?*))■ 


□ 


Lemma 7.3. 


a,b 

abeA' 


( q *r#A'e ClZ 2 (xs ) ( 1 X*( a o) \ 

0K((q*))7K V (-p*yxz~ n P*) 



Proof. We substitute the definition (17.51) of i-R, 2 (b) and swap the order of summation 
to give 


(7.9) 

E = E 1 ^* 1 ) E E c ^2(-^ r (~))f i + 

a,b a N(d)<R ueA' 

ab^A' aD|u 


x*(u/q) 

(— /3*Y 2 N(u/ay-P* 


Since all ideals in A! have norm Xff + O^Xff) with Xff X n : we have that 
CTz 2 (N(u/a)) = ctz 2 (Xq /N(a)) + 0(r)2/ logX) by (17.61) . We recall 1-^ is supported 
on ideals a with IV(a) < X n ~ k ~ e / 2 and with all prime factors p of a satisfying 
N( p) > X f = R. Thus 5, a must be coprime if they make a contribution to the 
sum. We let e = ab, and recall that |A 0 | <C logX. Putting this together, the error 
in replacing Cn 2 (N(u/a)) with ctz 2 (Xq /N(a)) contributes a total 

E nWc « v2#a' E wx +xn ~ k ~ t/2n 

N(e)<RX n - k ~ e / 2 N(c)<RX n - 2k ~ e / 2 ^ ' 

by ProDQsition l6.3l The sum here is O(logX) by an Euler product upper bound and 
Lemma 1631 so the total error is 0(r\^ 2 f/JV). Similarly, we can replace N(u/ a) 1- - 0 
in (17.91) with /7V(a) 1-/3 * at the cost of an error 0(r\^ 2 f/JY). 


Since all elements u of A! have ,\*(u) = y*(ao), we are left to evaluate 


vn , 

El® 1 (a)^(j^j)(l + 


X*(a)x*(oo)^(a) 1 

(-/ 3*y 2 X //~ nfi * > 


E 

N(i>)<R 


Since all elements of A' have norm coprime to q*, we can restrict to gcd(lV(b), q*) = 
1. Using Proposition ^. 31 again, we may then replace #*4' a0 with p(ad)#A' / N (ad) 
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at the cost of an error 0(X n k e / 2n ), which is negligible. Thus we are left to 
evaluate 


, vn v , 

#^^l Kl (a)c K2 (^)( 


1 + 


X*(a)x*(a 0 )iV(a ) 1 ? 


(—/3*Y 2 X ( 


n—np 

0 


E 

N(T>)<R 
gcd(IV(0).(?*) = ! 


App(aO) 

iV(oD) 


Again, any pairs a, 5 making a contribution must be coprime since is supported 
on ideals with all factors having norm at least R. Thus we may replace /?(ab) with 
p(d)p(a), and so the double sum factorizes as 

( pja'fl'R. i(o) / Aff \ / x*( a )X'*( fl o)^(a ) 1 13 A D p(D) \ 

Va W2 ^(°)^ {-P*y*xr nf) ' '/V NW<n m )' 

gcd(JV(5),g*)=l 


By Lemma O we have the second factor is (g*)"6/7ic</>ic((q*))+0(exp(—cVlogi?)). 


Since all degree 1 prime ideals have p(p) = 1, we see that l-^ 1 (a)p(o) = ljij (a) 
unless p 2 \N(a) for some p > X e . Thus we can replace p(a) with the constant 1 in 
the first factor at the cost of an error 


4y« e 4«vA 

o iVYa) ' v 2 

p>X* 2 N(a)<X n ~ k ~ e/2 p>X* 2 


« E E 


p 2 \N(a) 

by Lemma lfi.51 This is negligible, and we can evaluate the resulting expressions by 
partial summation, the prime ideal theorem and If7~4l) . We have 

f f de i... dee,- i 


1 ’H.i( a ) / x o ■ 

4- N(a) U2[ N(a)' 


4^i( a )x*(°) „ ( Xq 

/ 2 - c 77-2 v - 


(ei ,...,e£)G7?-i XIZ 2 
5Di =1 ei=log A'o/Iog X 


log A nli e 4 


0{rn), 


de 1 ... dee-i 


N(a)P* '" t2V IV(a 
Combining these estimates gives the result. 


(ei x7?-2 
I2i=i e * =l°g A'o / log X 


{-p*y 1 io g xn i= i e t 


+ 0(7/2). 


□ 


Combining Lemma F7.11 with Lemma T7.3I gives (17.71) . We are therefore left to show 
that the error introduced by replacing 1 n 2 with l-n 2 is suitably small. In particular, 
to establish urn it is sufficient to show that 

E 1 ^i( a )( 1 ^2(l’) - ( b )) < 

abGA' 

We split the sum over b into ideal classes C £ CIk- We let c be an ideal in C, and 
c' = (_/V(c))/c. Then ac' and be are both principle integral ideals, so can be written 
as (a), (/?) say with c'|(a) and c|(/3). Thus, it suffices to show for any fixed c 

(7.10) X] ^/ c ') ( b / c ) - (b/0) « ih /2 #A'. 

a, b principal 
c|b, c '|a 
ab/N(c)€A' 

We begin by showing that l-& 2 (b/c) ~ l-& 2 (b/c) when b is localized to a particular 
ideal class, residue mod q and angle of Hecke Grossencharacter. 
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Lemma 7.4. Let us be given an ideal c of norm 0(1). Let exp(—eydog B) < <5o < 1 
and B G [X 1 / 10 ,X n \. Let C C R" be a hypercube of side length SqB which contains 
a point b 0 G TP such that ||b 0 || <C B and bo = (( On)~ n ^" =:L (bo)i \ZO i ~ 1 ) is an 
integral ideal which satisfies N(bo) = Bff B n and c| bo- 

Then uniformly over all q <C exp(— cy/logX) with {9n) n N (c)|g and over all such 
C.bo, we have: 


If gcd((q). b 0 ) ^ c then 


.—„ c 


bee 

b=bo (mod q) 


Ifgcd((q), b 0 ) = c and y*(b/c) = X*(W C ) for all b = b 0 (mod q) then 


1 


X 7 K (f K {{q)/c)N(c 

£■: 

X*(b 0 c)Bo (r_1) 


bee 

b=bo (mod q ) 


aSC,eG7?.2 
£*=1 ei=log N(a/c)/logX 


dei---de (1 d a + 

log^nX o 


+ 


jK(-p*Y 2 ^K((q)/c)N(c)^ 


aGC,eG7?.2 


dei... dez 2 -\d& 

log^ n!=i o 


Eiil e i =1 °g JV(a/c)/ logX 

If gcd((q). bo) = c but x*(b/c) 7 ^ X*(^o/c) for some b = bo (mod <?) £/ien 


X w*) = 


1 


bee 

b=bo (mod q) 


'YK<f>K((q)/c)N(c 
Ed 

All the implied constants are effectively computable 


dei '" dee e 2 - lda +0(6Z +1 B n ) . 


aec,een 2 

H%i ei=log N(a/ c)/ log X 


log* nil e* 


In the statement of the Lemma above, a and b denote the ideals ((On) n X)"=i a i V0 i_1 ) 
and ((6n)~ n XOii ^ v^* -1 ) depending on the vectors a, b respectively. 


Proof. We note that the sum is 0 if the ideal bo/c is not coprime to (q), since 1 n 2 is 
non-zero only when all prime ideal factors have norm at least X e > N(q ), and this 
gives the first statement. We first detect the condition /3 G C by Hecke Grossen- 
characters. We let Ai,..., A„_i be a basis of the torsion-free Hecke characters (i.e. 
those of pure infinity type), and define 


W(a: b; A) 



if ^ 27 tAVj, 

otherwise, 


(7.11) 


n— 1 


= A r 


x n 


j=i 


Aj(a) mj /sin7071 ^An 2 
Aj(b) TO 7 V nmjA ) 


= A- 1 X 

mGZ"- 1 


X m (a) 

X m (b) 


w(m), 


by Fourier expansion. Here arg(x) G [0,27r), x m (a) = Tlj^i A ™ 3 (a), = 

JJ " =1 (sin 27rmj A/2TrmjA) 2 , and we take sin 7rmj A/wm.jA to be 1 when mj = 0 . 
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We note that 

(7.12) 

An—1 

E W(a:b;A) = — E E X^) -1 ^™) E X m (a)£(a), 

A<N(a)<A+AA K £ meZ n ~ 1 A<N(a)<A+AA 

a principal 

where £ runs over all characters of the class group CIk- 

Since w(m) <C by=i min(l, (rrij A) -2 ), those terms with rrij > Mq for some j con¬ 
tribute 0(A/Mo) in total to (17.121) . If ||m|| <C M 0 < A e and is non-trivial, 
then the inner sum is 0(A 1 ^ t ) by Perron’s formula and the bound C( s jX m ) 

0(|s| + ||m||) n i 1_<T i/ 2 (see [H Theorem 1.2], for example), and so these terms con¬ 
tribute 0(A n_1 Mq- 1 A x ~ e ) in total to (17.121) . Finally, the term with = 1 
contributes 7 a'A”H (1 + 0(A))/hx- Thus, choosing M 0 = A~ 2n and A = S'g n , we 
see that for A <C B <C A we have 

(7.13) E W(a;b;A) = 22^E(i + 0(A)) . 

A<N (a)<A-\-AA K 

a principal 

Given b G Z n , we let /3 = (6n)~ n X)™=i ^ y/0 i ~ 1 and b = (/?). Since C has side 
length 6qB, and B n <C iV(bo) = Bq -C B n (from the assumptions of the Lemma), 
we have that N(b) = Bft + 0 (SqBq) for all b G C. By (17.131) . choosing A = N(b), 
we have 

E 1 ^2(b/0= h £n B n E E lw 2 (fa/c)W'(a;b;A) + 0((5ovolC'). 

bGC ^ a principal b£C 

b=bo (mod q ) l<AT(a/b)<l+A 

b=bo (mod q) 


Here we used the fact that A = 5q u < So. 

We now detect the condition b = b 0 (mod q). We see that b = b 0 (mod q) is 
equivalent to /3 = (9n)~ n X)r=i ^ 6 1 * -1 € and /3 = /% (mod q) for one of 
[Ok ■ (9n)~ n, L[\f9\\ different algebraic integers f3' 0 . (Here we are using the fact 
that (9n) n \q and bo is integral.) We consider each such (3’ 0 separately, and detect 
/3 = /3 q (mod q) by characters Xq of the multiplicative group (Ok/~) x , where 
a ~ /3 if (3' 0 (a — (3) = 0 (mod q). We note that #(Or:/~) x = <(>k((q)/ c) since 
gcd((g), bo) = c. These characters Xq are not a characters of ideals, and so we first 
transform the sum into a suitable sum over ideals. 

We can write X q (b) = Xq(P) ex P(X)a u °,x lo g \P°\) /\^ a \) v,T ' x for a unique 

character x q on ideals mod m = (q)/c which is trivial on the group of fractional 
ideals coprime to m modulo principal fractional ideals coprime to m, and for some 
constants u atX ,v aiX -C 1 for each embedding a : I\ —> C. This is because 
can be chosen such that the above expression is invariant under multiplication by 
units, and so gives rise to a well defined character on principal ideals coprime to m. 
If W(a\ b; A) ^ 0, then there is a generator a of a such that A j(a) = Xj(/3)(1+0(A)) 
for each j. Thus, since A (a) = A(b)(l + 0(A)), this means that cA =/3 CT (1 + 0(A)) 
for all <t, and so a = ( 9n)~ n X)"=i a * ^® i ~ 1 f° r some vector a = b + O(AB) with 
a G Z" such that a G Ok- In particular, since log is continuous, Xq(P)Xq( a ) = 
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Xq{b)Xg( a )( 1 + 0(A)). This error term 0(A) contributes 


< 


hx 

IkA n B% 


J2 J2 A <C AvolC <C 6g +1 B n . 

beCa=b+0(AS) 


If the distance from a to the boundary of C is a sufficiently large multiple of AB, 
then all b with W(a; b; A) ^ 0 are either outside of C or inside C. Since there are 
0{AB n ) vectors a within O(AB) of the boundary of C, these a contribute a total 


< 


h K AB n 


sup 




7AA^" ||a||«B b=a ^ (AB) 


1 <C A B' 


< 6™ +1 B n . 


Thus we can restrict to a € C', a hypercube inside C with all points at least a certain 
multiple of A B from the boundary of C. Finally, we note that since A = o(l), C is 
contained within a fundamental domain of the action of the group of units, and so 
the vector a is uniquely determined by a. We are then left to evaluate 
(7.14) 


ha \ \ ' Xg(P o) 

1K An B % Z-'A- #(0 K /~)X 

P 0 


H Xq(b)ln 2 {b/c)W{a-,b-,A). 

aGC , Xq{ ) i<iV(a/b)<l+A 
cx.€lOk b principal 


We use characters £ of the class group CIk to detect the condition that b is principal, 
and insert the Fourier expansion (17.111) of W. By partial summation and (17.31) . we 
have that if y m and £ are non-trivial, or if \ q is non-trivial and not induced by y*, 
then there is a constant cq > 0 such that 


X] X 9 (f’)x m (b)C(b)l-R 2 (b/c) < B n exp(—co\/k)g B) 

N(a)/(l+A)<N(b)<N(a) 


uniformly for q , ||m|| < exp(v / log B). 

This implies that the total contribution to (17.141) from all such characters y m £ 
with || m|| <C M 0 is -C A~ 1 B 71 Mq~ 1 exp(—co-\/log B). As before, using the triv¬ 
ial bound u>(m) <C Jlj min(l, (mj5)~ 2 ) those characters with ||m|| > M 0 con¬ 
tribute 0(A~ n B n M q 1 ). Recalling Mq = A~ 2n and A = ^q 71 , these all contribute 
O^A 1 / 2 B n ) <C 5^ +1 B n . We are therefore left only with the contribution from when 
both £ and y m are trivial, and \ q is either the trivial character yo, or is the qua¬ 
dratic character induced by y*. y q can only be induced by y* if q*|(g)/c. We argue 
now in the case when q*|(q)/c; the case q* \ (q)/c is entirely analogous with all 
terms involving y* simply being omitted. Since 1ji 2 is supported only on ideals 
coprime to q (because q < X e ), if \ q is induced by y* then we can replace \ q with 
y*. In these cases we obtain by partial summation and the prime ideal theorem or 
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m respectively 


E Xo(b)l n 3 0>/c) = J ■■■ J 

. . ' eC.'K 2 07.„ 


ei de i... dee 2 


N (a) / (l+A)<N(b)<N (a) 


Y X*(b/c)l U2 {b/c) = / ••• / 

N(a)/ (l+A)<lV(b)<IV(a) e£K 2 nI a 


Utie, 

+ 0(B” exp(-c 0 \/logB)), 

f X^T,Y=^ dei ...de t2 


nm e* 

+ 0(B n exp(-c 0 v / logS)), 


where 


la 


{e e M* 2 


logiV(a/c) < yv < logiV^a/c), 
(l + A)logX *“ logX 1 


Finally, we note that given a character if) on ideals (mod g), the characters \ q such 
that Xq — Y are precisely those of the form Xqi a ) = ' ! / ; (( a ))0( Q; )j f° r some character 
(j) of the unit group (Uk/~) x ■ Putting this all together, we have 


E*^) E E Xq(b)lTi 2 (b/c)W(a;b;A) 

Xq aeC' ^ ' JV(a)/(l+A)<AT(b)<IV(a) 

b principal 

= —Y Y Y (l + X*(b/c)x*(.b' 0 c))lii 2 (.b/c) + 0(6Z +1 B n ) 

K <t> a GC' N(a)/(l+A)<AT(b) 

aeOjc IV(b)<IV(a) 


A" -1 

Hk 


Y Y ^( a )^(^o) 


a GC' 
oeOjf 


ee7^. 2 nx a 


X^i=i ei dei... dee 2 

nti* 


A n 1 



E E '/’(aO'^o) 

0 aGC' 
a60 K 


X*(b' 0 c) 



eGTC 2 nX 


X^*Si=i^dei...de, 


*2 


n;=i e, 


0(<5” +1 5"). 


Since C' is equidistributed in residue classes mod q (up to a negligible error 0(B n ~ 1 )), 
and the summand is a continuous function of iV(a), only the trivial character (/> on 
(b r ic/~) x makes a noticeable contribution. Thus this is equal to 


A” 


h K 


■ E 

aG C 
aG Ok 

A"” 1 


I^=i 6i dei... dee 2 


e£U 2 ra a 


mil * 


+ 


X*(^o c ) 

r-/ 


h K 4 ?, {~P*Y 2 J J 

aiS K e ^ 2nI “ 


XP*^ 2 =i ei d ei ...dee 2 

fEE 


0(^ +1 B"). 


The condition a e Ok is equivalent to a congruence condition on a (mod ( 9n ) n ) 
which holds for a proportion rx = [Or: : ( 9n)~ nr L[ y/O}]^ 1 of the vectors a in a cube 
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of side length ( 6n) n . Thus, by partial summation we see that this is equal to 
A n ~ 1 r K f f X5h=i ei cfei. ,.de i2 


h K 


aeC ,eCR 2 C\X a 

A"~ 1 r gX *(b'c) 

h K {-p*Y* 


nE 


-da 


aeC',ee7^ 2 ni a 


XP'^i^dei.-.de^ 

Utiei 


da + 0(6% +1 B n ). 


Using the fact that X^*=i ei = (1 + 0(A))Bq /N(c) and the bound (17.61) we see 
that this is equal to 


/A n r K B% 
V h K N( c) 


A n r K B^* X *(b 0 c) 
{-P*y*h K N{ c)/3* 


a GC' 


c K 2 (N(a))da + 0(5Z +1 B n ). 


Thus, multiplying by hx/(iKA n B q#(0k/~) x ) we have shown that 


E 


bee 

3q ( mod ?) 




rx 


7if</M('2 , )A)A(c) 


c n2 {N( a ))da + 0{S^ +1 B n ) 


/aGC' 


rKX*(b[ jc) 


c-r 2 (N(a))da. 


'a ec' 


We now sum over the r^ 1 values of /% . (We recall these are the elements of Ok /qOx 
of the form 0' o = (9n)~ n A$ !_1 with bg = b 0 (mod q).) We see that 

the terms involving X *(bg) cancel unless all b = bg (mod q) have X *(b) = X *(bo) 
since x* is primitive. The rest of the expression is independent of the /3g. Thus, if 
X*(b) = X*(&o) for all b = b 0 (mod q) we have 


E w‘) = 


bee 

b=bo (mod q) 


'YK<t>K((q)/c)N(c) 


CTi 2 (N( a ))da + 0(6% +1 B n ) 


Ja.ec 

X*(M 


'YK{-/3*Y 2 (l>K((q)/c)N{c)P* n/3 ‘ 


cn 2 (N(a))d&, 


'a ec 1 


and if x* is n °t constant then we have the same expression with the second term 
removed. 


Finally, extending the integration over a from C to C introduces an error of size 
0(AB n ), since the integrand is of size 0(1) and this increases the volume of the 
region of integration by 0(AB n ). This then gives the result. □ 


Lemma 7.5. Let c,Sq, B,C,ho be as in Lemma | 7 . 41 Then uniformly over all q -C 
exp(v / log B) with 7V(c)|g and over all such C, ho we have 


E i^(E & ‘^ rrr )= E i^(E^^ 3T ) + °(C 1/2 ^”)- 

b ec i— i b ec 2=1 

b=bo (mod q) b=bo (mod q) 

The implied constant is effectively computable. 
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Proof. We first consider a similar sum to the one in the Lemma. Letting Q' = 
lcm(JV(Dc), Q n ) and spliting into residue classes (mod Q'), we have that 

E 1= E E L 

b eC a (mod Q') b eC 

b=b 0 (mod Q n ) a =b 0 (mod Q n ) b=a (mod Q') 

°l b / c 0|a/c 

The outer sum has no terms unless gcd(Dc, (Q))|bo, in which case there are there are 
N(dc) n ~ 1 / gcd(7V(0c), Q n ) n ~ 1 terms in the outer sum. The inner sum is (volC)/Q ,n + 
Thus, provided gcd(bc, (<9))|bo we have 

(7 ' 15) £ 1 = N((Q)) n ~ 1 lcm(AT((Q)),iV(Dc)) + 0(BN(j>c)) n \ 

b=bo (mod Q n ) 
t>\b/c 

In particular, since B > X 1//10 and volC B n ~ e , this is 0(vol C/N(D)) for N(d) < 

R. 


We now consider the sum in the Lemma, but work with residue classes bp (mod q n ) 
instead of (mod q ). Substituting the definition (17.51) of I 7 z 2 and swapping the order 
of summation, we have 

E W&/0= E A ° E cn 2 (N(b/c))(l+ fo^N(b/cY 

/ bee n(d)<r / bee v H ' v 1 J 

b=bp (mod q n ) b=bg (mod q n ) 

D|b/c 


Since C is a hypercube of side length SqB, and contains an element of norm Bq 
B n , all elements of C have norm Bq + 0(SoB n ). Thus, by the Lipschitz bound 
(EBP , we can replace cn 2 (N(b/c)) with 


1 

volC 





a£C,ee7?.2 


dei... dei 2 -ida. 

logxnti e i 


ei=log N(a/c)/ logX 


at the cost of an error of size 


-C ^ log X 

N(i>)<R 


E 


bee 

b=bg (mod q n ) 
D|b/c 


d 0 « £ 

N(Z))<R 


d 0 volC log X 1/2 


7V(0) 


•C S 0 ' volC. 


1 /2 

Similarly, we can replace IV(b/c) with 7V(bo/c) at the cost of an error O(S 0 ' volC). 
Thus we are left to evaluate 


E A » E 

N(0)<R beC 

b=b(, (mod q n ) 
0|b/c 


1 + 


( N (b 0 / c)^~d* 


■ E ' 

N(t))<R 


E X*{b/c). 


bee 

b=bg (mod q n ) 
D|b/c 


We concentrate on the second term. We have that X*(b/c) = 0 if gcd(q*, b/c) ^ 1, 
and so there are no contributions from terms with gcd(0, q*) 1. By splitting the 
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sum into residue classes (mod Q') where Q' = lcm(lV(0cq*), q n ), we see that 
E X*(b/c)= Y X*(a/c) Y L 

b GC a (mod Q') bGC 

b =bo (mod q n ) a=b£, ( mod b=a (mod Q') 

°l b / c 0|a/c 


As with (17.151) . the inner sum is volC/Q /n + 0(5^~ 1 B n ~ 1 ), and this error term 
makes a negligible total contribution. The remaining sum of \*(a/c) is then seen 
to cancel cancel completely unless x*(b) = X*(bo) for all b = b d (mod q n ) since x* 
is primitive. If this is the case, then by (17.151) we have 


E X*(b/c) 


hec 

b=bg (mod q n ) 
0|b/c 


X*(bo/c)volC 

N(( q)) n ~ l 1 cm(N((q)),N(T>c)) 


+ 0(B n - 1 R n ~ 1 ), 


and otherwise the sum is simply 0(B n ~ 1 R n ~ 1 ). These 0(B n ~ 1 R 71-1 ) error terms 
make a negligible contribution. Regardless of whether x* is constant or not, we see 
that the main term differs from the main term of (17.151) by a factor independent 
of 5. Thus, since there are q n ~ n = N((q )) n ~ 1 choices of b(, (mod q n ) such that 
b d = bo (mod q), we are left to show that 


(7.16) 


E 

Q<R 

gcd(0,(q)/c) | bo/c 


_W_ 

lcm(JV(0c), N((q))) 


1 

j K (l>K((q)/c)N(c) 


+ O(do). 


We estimate this in an analogous way to Lemma [7721 We let (q) = cqiq 2 , with 
gcd(q 2 . bo/c) = 1 and qi composed only of primes which divide bo/c. Since A 0 = 
0 if D is not square-free, we may replace the condition gcd(D, (g)/c)|bo/c with 
gcd(b,q 2 ) = 1. We have 


E 


A*( 0 ) log ivM 


AT(D)<R 

gcd(q 2 ,0)=l 


where 


_ 1 r 1+i °° R s g( 1 + a) 

lcm(A7(0c),7V(cqiq 2 )) 2niN(q 2 c) Ji- ioo s 2 0c(l + s) 


ds 


■ Res 


g( i 


s )=n 

phi 


_ R s g(i + s) 

N( q 2 c) s=o s 2 (r:(1 + s) 
iV(p)- 1 - lY(p)- 1 - 8 rr 1 


o(exp(-cy / iogR)), 


1 - N(p) 


— 1 — S 


n 

ph2 


1 ~N(p) 


— 1 — s ■ 


We see that the residue is 0 if qi ^ (1), whereas if qi = (1) (so gcd(bo,<?) = c) the 
residue is TV (q 2 )/</>#: (q 2 )- This then gives (17.161) . and hence the result. □ 


8. Some lattice estimates 

In this section we collect some information about the structure of ideals b £ A! a , 
before we finishing our Type II estimate in the next section. It is here we exploit 
some of the simple structure from the fact K = Q(-\/d). 

If a = (a) is principal, then b £ A! a if b = (/?) with ((3a) = (XXE x i v / ^ i_1 ) for 
some x £ Z n with Xi £ [Xi, Xi+T]iXi) for 1 < i < n — k and Xi = 0 for n — k < i < n 
and x = x 0 (mod q*) and N(Y(i=i x i ^ i_1 ) € [A'q ,Xtf + ^Xq], 
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Since Z[\/d] is an order in Ok of finite index dividing ( 9n) n , any principal ideal b 
has a unique representation as (/?) with /? = ( 0n)~ n bi ^ 0* 1 an d b £ Z n fi T 

for a fundamental domain T by the action of the group of units IAk , with b satisfying 
some linear congruence conditions L(b) = 0 (mod ( 9n) n ). We have 

( E bi i_1 ) (E ai = (E Ci 

2=1 2—1 2=1 


with 

C E " X 

* y bj—i+ictj T 9 ^ ' b n -\-j —— T "'(b) • a, 

2=1 2=? + l 

where • is the usual Euclidean dot product on ]R", v indicates the reverse of the 
coordinates of v (i.e. Vj = v„ + i_j) and T‘ indicates the i th iterate of the linear 
map T given by 


TMj 


v j+ 1) 
Ov i, 


j < n, 
j = n. 


We let o denote the above operation, so that c = b o a. 


Thus, there is a bijection between pairs of principal ideals a, b with ob/lV(c) £ A'. 
and vectors a £ Z n (1 J, b e Z" (for any choice of fundamental domain F) with 
L(a) = L(b) = 0 (mod (9n) n ) and with aob £ TZx , where 7 Zx is given by 

IZx = {x £ R" : Xi £ [X[, X[ + rjiX-] for i < n — k, x, = 0 for * > n — k, 

(8.1) iMEIU e [X' 0 n , x? + m x’ 0 n }}. 

Here X[ = (9n) 2 N(c)Xi, which still satisfy X <C X[ <C X. We see that, given 

a £ Z", the conditions (bo a )j = 0 force b to satisfy k linear equations, and hence 
he in a sublattice of Z™. With this in mind, we define the lattices 

A v = {x £ Z n : (x o v).j = 0, n — k < i < n} 

= {x £ Z n : x • T*(v) = 0, 0 < i < k - 1}, 

A Vi , V2 = {x £ Z" : (xovi); = (xo v 2 )i = 0, n — k < i < n} 

= {x £ Z n : x • T i (vq) = x • T\v 2 ) = 0, 0 < i < jfe - 1}. 


We first establish some basic properties of these lattices. 


Lemma 8.1. Let v, vi, v 2 £ Z n \{0}. Let A(v) £ z( fc ) be the vector of de¬ 
terminants of k x k submatrices of the k x n matrix formed by the k vectors 
T°(v),..., T fc_ 1 (v). Similarly, let A(vi,v 2 ) £ z( 2fe ) be the vector of determi¬ 
nants of the 2k x 2k submatrices of the 2k x n matrix formed of the 2k vectors 
T°(vi),... ,T fc- 1 (vi) and T°(v 2 ),... ,T fc_ 1 (v 2 ). Finally, let D v be the largest in¬ 
teger D such that A(v) = 0 (mod D), and -D Vl , V2 be the largest integer D' such 
that A(vi,v 2 ) = 0 (mod D'). Then we have 


det(A v ) 


II A (v)|| 

D v ’ 

II A (vi,v 2 )|| 

' 1V 1 , V 2 


det(A Vl _ V2 ) 


if A (bi,b 2 ) ^ 0. 
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Proof. Let vi,..., v r be linearly independent vectors in Z”, and let A = {x £ Z” : 
x • vi = ■ • • = x • v r = 0}. By pTT], Lemma 1], det A = det A* where A* = {x £ Z™ : 
X = E[=1 cm, Ci £ Q}. 

Let D(v i,..., v r ) be the largest integer such that the determinant of all rxr subma¬ 
trices of the n x r matrix formed with columns vi,..., v r vanish mod D{v i,..., v r ). 
We define an reduction procedure on a set of vectors. Given {xi,... ,x r } £ (Z") r 
with D(xi,..., x r ) ^ 1 we choose (arbitrarily) a prime p\D(xi ,..., x r ). By defi¬ 
nition of !)(•), this means that there are constants Ci..... cy at least one of which 
is 1, such that YH=i cm — 0 (mod p). We choose (arbitrarily) an index j such 
that Cj = 1 and replace Xj with Q x i/p £ Z n to produce a new set of vectors 

(x' l5 ..., x' r ), and we see that we must have D(x , 1 ,..., x' r ) = D(xi,..., x r )/p. By 
starting with {vi,..., v r } and repeatedly performing this reduction we arrive at a 
basis zi,..., z r for A*. (This process clearly terminates as D(xi,..., x r ) decreases 
at each stage, and the resulting set is a basis since D{ zi,..., z r ) = 1.) Moreover, we 
see the Z-span of vi,..., v r is a lattice A which is an index D(y i,..., v>) sublattice 
of A*. 

Thus det A = det A* = det A/D(vi ,..., v r ). But det A is simply the volume of 
the r-dimensional fundamental volume of A. If e r +i,..., e n £ R" are orthonormal 
vectors orthogonal to vi,...,v r , then det A is given by the determinant of the 
n x n matrix with columns vi,..., v r , e r +i,..., e n . This is then seen to be the L 2 
norm of the exterior product of vi,..., v r , (that is, the vector of all determinants 
of the rxr submatrices of the r x n matrix with columns Vi,..., v r ) since both 
quantities are independent of a choice of orthonormal basis of R™ and agree on the 
orthonormal basis {ei,..., e„} extending e r+ i, 

Applying the above argument to {vi,...,Vfc} = {T°(v),..., T fc_1 (v)} gives the 
result for A v , whilst using {T°(vi),..., T fe-1 (vi), T°(v 2 ),... ,T k ~ 1 (v 2 )j gives the 
result for A VliV2 . □ 

Lemma 8.2. Let n > 3 k. Then, given b £ Z"\{0}, let £ be a linear subspace of 
R” such that A(x, b) = 0 for all x £ £. Then £ has dimension at most k. 


Proof If A(x, b) =0, then there exists constants Cq, , Ck-i, do, ..., dk-i £ 2 not 

all zero such that 

k -1 k -1 

Y J c iT i {*)=Y.diT i { b)- 
2=0 2=0 

Since b ^ 0, we have that NVd 1-1 ) = det({T i (b)}" = Z 0 1 ) ^ 0, so {^(b)}"^ 1 
are linearly independent vectors in R”. Thus we cannot have Co = • ■ ■ = Ck-i = 0 
and we can write x = XiT l { b). With respect to this basis, the above equation 

implies that 2 _).- =0 CiXj-i = 0 for each k < j < n. Since the cq, ..., Ck-i are not all 
zero we let q be the first non-zero element, so we have Xj = 'fZi-i * c (+i x j-i with 
c[ = Ci/ci. We now restrict our argument to the case when co,Cfc-i ^ 0; the other 
cases follow by an analogous argument. 

The equation Xj = c i x j-i ' s a difference equation, so Xj = Pi(j)Xl for 

some polynomials P\,...,Pi with JO^deg (Pi) < k — 1 and some constants A j in 
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a finite extension of M. We will show that in any linear space C, at most k — 1 
different monomials jAj can appear in such an expression. 

Assume the contrary for a contradiction. Thus there exists x, y £ C with (x ) 7 = 
J2i P iU)K and (y )j = EmQmOVmi for 1 < j < n, with at least k different 
monomials j THi X J rtl2 . appearing with non-zero coefficients in these expres¬ 

sions. Then there is a suitable linear combination aix + « 2 y such that at least 
k different monomials appear. But aix + a 2 y £ £, so aix + ayy can also be 
written as with at most k — 1 different monomials j mi appearing. 

But then we have Ti(j )qf = a\ J2i p iU)K + a i so the monomials 

i mi 7 m 2 O mi Mm 2 > satisfy a non-zero linear equation ]Tb aMi(j) = 0 for all 

1 < j < n. for some constants e* not all zero and distinct monomials of the 

form j mi 7 ^ 2 , j mi ^in 2 or j mi ^m 2 (for some integers mi, m 2 ). Moreover, since there 
are at most A: — 1 monomials from each of x, y and aix + a 2 y, there are at most 
3 k — 3 monomials appearing in this expression. In matrix form, this equation is 

/Mj(2) ... M 3 fc _ 3 ( 2 )\ / ei 

\Mi(n) ... M 3 fc_ 3 (?z)/ \e 3 fe _3 

Since n > 3k the first 3k —3 rows form a (3k —3) x (3k—3) generalized Vandermonde 
matrix, whose determinant vanishes only if two of the monomials are the same. (If 
the monomials are j m \\ for m < rrii and i < r then the determinant has absolute 

value (R^nZ^i m ')(lTi=i A” li(mi+ 1 )/ 2 )(rii< f < J -< r (Ai - Aby essentially 
the same argument as the standard Vandermonde determinant evaluation; we leave 
the details to the reader.) Thus the vector (ei,... ,e^k-^) must be zero, a contra¬ 
diction to our assumption that it is non-zero. Thus only k — 1 different monomials 
can appear, and so C has dimension at most k (since Xq is a free variable). □ 

Remark. The bound in Lemma \8.2\ is tight, since the subspace generated by the 
vectors T°(b),... ,T fc_ 1 (b) has dimension k. 

Lemma 8.3. Let n > 3k. Let a £ Z n \{0} and A a have successive minima Z\ < 

• • • < Z n -k- Then A a has a Z-basis zi,..., z n -k such that 

• For each i £ {1, ...,n—k} we have Zi -C ||z,|| <C Zi. 

• A(zi,z fc+ i) ^0. 

• For any Ai,..., X n -k G M- n ~ k , || Yh=i ^ z *II > l|AiZi|| 

Proof. It is a classical fact in the theory of lattices (see |2], for example) that if 
zi,... ,z n _fc are the successively shortest linearly independent vectors in A a , then 
these form a Z-basis of A a with ||z, || = Zi and || Y^i=i ^i z i\\ ^ Y^i=i ll^i z i||- The 
space generated by zi,..., z^+i is a linear space of dimension k+ 1, so by Lemma l5T21 
we have that A(x, z 3 ) does not vanish for all x in this space. But since A(-, z 3 ) = 0 
is given by the vanishing of a system of homogeneous polynomials of degree 0 ( 1 ), 
this means that there is a non-zero homogeneous polynomial / £ Z[Xi ,..., Xf~+i\ 
of degree 0(1) such that A^f+i AjZj,Zi) = 0 only if /(Ai,..., Afc+i) = 0. But 
there is then a choice of Ai,..., Afc+i £ Z with Afc+i = 1 and Ai <C 1 for all 1 < i < k 
such that /(Ai,..., Afc_|_i) 7 ^ 0. It is then easy to verify that replacing Zfc+i with 
z fc+i = Si=i Ai z i gives a basis with the required properties. □ 
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9. Type II Estimate: The L 2 bound 

In this section we use the Linnik dispersion method and estimates from the geometry 
of numbers and elementary algebraic geometry to finish our Type II estimate. It 
is this section which involves the key new ideas behind our proof. We recall from 
(17.1011 that we wish to show that 

1 ^i( a / c ')( 1 ^ 2 (b/c) - irc 2 (b/c)) <c r72 /2 #-4'. 

a,b principal 
c|b, c'\a 
ab/N(c)€A' 

Here we recall that 772 (logX) -0 ^ 1 ) and 

A' = {a G A : N(a) G [X$, X 0 " + m X 0 "]}. 

From the discussion at the beginning of Section 0 ab/N(c) G A! for principal a, b 
is equivalent to a = (( 6n)~ n ]T )" =1 a i V^* -1 )) and b = (( dn)~ n h V$ _1 ) for 
some a £ P fl J, b £ Z" with aob £ 7 Zx satisfying some congruence condition 
L(a, b) = 0 (mod {6n) n ) 1 for any choice of fundamental domain T of the action of 
the group of units Uk- Here we recall from (18.11) that 

7 Zx = {x £ 1" : Xi £ [X', X[ + rftXl] for i < n — k, Xi = 0 for i > n — k , 

m ^) g [X?, xp + rnx?]}. 

We recall that if l-^^a) ^ 0 then 7V(a) G [A, 2A] for some quantity A, and if 
ab/TVYc) G A' also then N(b) G [77,2771 for some quantity 77 with X k+e / 2 < 77 < 
X n-2k-e/2 &nd X -C AB <C X. 

Any element x G IZx D Z n has ||x|| <C X , and so 7 = Yfi= 1 x i v ^* -1 has \^ a \ <C X 
for all embeddings a. Since A^(y) X n , this implies \ r ) a \ X for all a as well. 
We may choose a suitable fundamental domain J- such that the vector a satisfies 
||a|| -C A. This implies that a = ( 8n)~ n a i ^# i_1 has \a a \ <C A for all 
embeddings a, and so any (3 = 7 /a will then satisfy |/7 <T | <C 77 for all a. Thus this 
choice of T allows us to restrict to cq <C A and bi <C 7? for all 1 < i < n. 

Thus, splitting a, b into residue classes mod q = (Qn) n q*N(c), recalling that q* < 
exp(v / log X) and letting eo = exp(— v'TogA), it is sufficient to show that 

(9.1) £ £ Wa/c'XWb/c) - Wb/c)) « el /2 A n - k B n ~ k 

aez n nJ r beA a 

||a||<CA b=b 0 (mod q) 
a=ao (mod q) aobC7^x 

for any a 0 ,b 0 . Here we have used the fact that since q* = 7V(q*) < exp (-(/log X), 
we have el /2 {q) 2n X n ~ k < 7 ? 2 1 / 2 #A'. 

We first establish a small lemma to enable our initial manipulations. 

Lemma 9.1. Let e > 0. We have 

n—k 

t(^^ Xi <C X n ~ k (logX)° e( - 1 \ 

INK* «=1 

Xj= 0 if j>n—k 
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Proof. By, [TSJ Lemma 4.4], given any integer m > 0, an ideal a has an ideal factor 
b | a with N(b) < N(a) 1 ^ m and r(a) < 2 m_1 T(b) 2m_1 . Thus, taking m = n 2 we 
have 


n—k 


E r(E^^ 7rT ) e « E T ( 0 ) W 

IV(0)< A' 1 /** 


||x||«A- *=1 

tCj —0 if j>n—k 


< E r(h) 2e " 2 p(c))^(c)) ri - fe - 1 ( 

jv^xa 1 /" 

r(5) 6 e p(c)) 


E i 

l|x||«A' 

Xj —0 if j>n—k 

Di(Er= _ i fe ^ ? ^ T=T ) 

vn—k v 


<c x 


n—k 


E 


IV(0)<A™/ 3 

But the sum over 0 is then bounded by 

2 6 V(P) 1 


N(V) 


n ( 

^ r (p)<^ i/n 


i+ 


N(p) 


O 


N(py 


« n ( 

p< X n / 3 

< (\ogX)°^ 


i + ^ + o 


& 


by Lemma 16.51 


□ 


To sidestep some minor issues associated to 1 u 2 occasionally being large if r(b) is 


t(&) < e o 2 1 
otherwise. 


Since l^ 2 (b/c) - lrc 2 (b/c) <C 
hi y/O'- 1 ) log X, the error introduced by this change is 

o(E E ' r ( & ) i °g x )< E E e o r ( b ) 2i °g A 

a<A beA a ||a||<A beA a 

l|b||«B l|b||«B 

r(b)>e 0 2 

n—k 

« E e^(E Xi 

INK* i =1 

Xj —0 if j>n—k 

<^e 2 0 X n - k {\ogX)°^\ 

by Lemma [9.11 Since eo = exp(— -y/logX), this is 0(eoX n ~ k ) and so negligible. 
Thus, in order to show (ED, it is sufficient to show 

E E Wa/cV «eE A ”- fc B"- fe . 

aez n nJ r beA a 

||a||e[A,2A] b=bo (mod q) 
a a , (mod q) aob( 7\ \ 


large, we introduce a quantity gb, defined by 


.9 b = 


3-7^(b/c) - i^ 2 (b/c), 

0 , 


We now replace l 7 ^ 2 ( b/c) — l-R. 2 (b/c) with %. 


(9.2) 
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By Cauchy-Schwartz (dropping the constraint a = ao (mod q), and upper bounding 
lu^a/c') by 1 ) we have 


E E Wa/Offb 

aez n r\J r beA a 

||a||G[A,2A] b=bo (mod q ) 
a=ag (mod q) aobE'R-x 


<c 


(E 'H E 

l|a||«A ||a||G[A,2A] 


E 9b 

heA a 

b=bo (mod q) 
aoh^lZx 


1/2 


The first sum in parentheses is 0(A n ), so it suffices to show that 

(9.3) E 9 bl g^ E 1« e 2 0 A n - 2k B 2n ~ 2k , 

||bi||,||b 2 ||e[B, 2 B] aeA blib 2 nR A 

bi,b 2 =b 0 (mod q) 

where 

Ha = {a v M n : || a|| [.A, 2A], a o bi € , a o 1&2 £ A. v }. 

If A(bi, b 2 ) 0, then Ab 1 .b 2 is a rank n — 2k lattice, and we expect the inner sum 

to typically be (using Lemma 15711) 

^ voIT^a -Dbi,b 2 volT?.^ ^ cA n ~ 2k 
~ detA bl ,b 2 || A (bi,b 2 )|| B 2k 

for some suitable constant c = Cb 1 ,b 2 of size ~ 1 which varies continuously and 
slowly with bi, b 2 . The first approximation can fail if A bl ,b 2 is highly skewed, whilst 
the second approximation can fail if A bl .b 2 has an unusually small determinant. 
A bl b2 can have small determinant either for Archimdean reasons (if || A (bi, b 2 ) || 
is small) or for non-Archimeadan reasons (if -D bl . b2 is large). To deal with these 
issues, we show for most bi,b 2 these complications do not occur. 


Remark. Usually one would introduce a smooth weight on the sum over a to allow 
for simpler or more precise analysis of the resulting inner sum. We have deliberately 
chosen not to smooth here because we wish to emphasize the elementary nature of 
the estimates we use from the geometry of numbers. In principal smoothing would 
allow one to use exponential sums to widen the Type II ranges, but the author has 
not been able to get suitable control over the resulting exponential sums. 

Remark. The diagonal terms bi = b 2 contribute A n ~ k B n ~ k+0 (U i 0 th e overall 
sum, and so we require A k < jg n - k + 0 U) _ jf we d 0 no i show cancellations in the 
error terms for the inner sum over a above, then we can only hope to gain an 
asymptotic if A n ~ 2k > B 2k (but see the remark below). Together these conditions 
force X k < B < X n ~ 2k , and our Type II estimate applies in essentially the full 
range. Similar restrictions apply to any other sequence of density 1 — k/n, which 
is why the initial work on Diophantine approximation by primes had equivalent 
restrictions on the Type II range. 


Remark. We can obtain slightly more flexibility in our Type II estimates by re¬ 
stricting b to lie in a residue class (mod Q) for a suitably sized modulus Q before 
applying Cauchy-Schwarz. This has the effect of increasing the contribution from 
the diagonal terms, but enabling us to estimate the off-diagonal terms in a wider 
range. This has the potential to give an asymptotic formula for primes represented 
by an incomplete norm form of in the wider range n > (2 + y/2)k. In the 
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interests of brevity and clarity, we will not consider this further here, but we intend 
to address this in a future paper. 

9.1. Archimedean estimates. We first consider complications when the lattice 
Abi,b 2 is skewed or has small determinant because || A (b 1 ,b 2 )|| is small. 

Lemma 9.2. Let f(x) = f d x(-+f d -iX d ~ 1 -\ -b/o € Z[x] with f d ± 0. D/(D, f d ) = 

n!=iPi*- Then we have 

#jn e [1 ,y\ ■■f(n ) = 0 (mod D), \f{n)\ < sj < dr d {D) (l + mm[y, 
where D' = nf = ip [ e</d " 1 > D 1 / d /{D, f d ) 1/d . 


Proof. Let D = D/ ( D , f d ). Let / have (non necessarily distinct) roots a p> i,..., a p , d 
in a suitable finite extension of Q p , and let || • || p be the extension of the norm on 
Q p . Similarly, let / have roots aoo,i> • • •, «oo ,d over C. If f(n) = 0 (mod D) then 
UU \\ n ~ a p,i\\ P < ll-D||p for all primes p\D, so certainly there exists a root for 
each p\D such that ||n — a^ || p < ||£> / || J , on recalling the definition of D'. Similarly, 
if |/(n)| < B then certainly there is a root ai°°l such that \n — ai°°l| < (B/\f d \) 1 / d . 

Let us be given a root a^°°^ over C, and a root a^ over Q p for each prime p\D. 
Then integers n which satisfy ||n — a^ || p < H-D'llp for each p\D' are simply integers 
in a single residue class modulo D' (by the Chinese remainder theorem), and those 
with |n — < (B/\f d \y/ d and n £ [l,y] are integers in an interval of length 

min(?/, (B/\f d l) 1/,d ). Thus there at most 1 + min(y, (B/\f d \) 1 l d )/D' integers n < y 
which satisfy ||a — ot^Wp < ||ZD'||y, for each p\D' and \n— al°°l| < (B/\f d \) 1 / d . But 
there are at most d choices of and at most r d {D) possible choices of roots 

a^ p \ so there are at most dr d {D){ 1 +min(y, B 1 ^ d \f d \~ 1 ^ d )/D') integers n < y such 
that f(n) = 0 (mod D) and |/(n)| < B. □ 


Lemma 9.3. Let n > 3k. Let A a have successive minima Z\ < • • • < Z n _k 
and a basis zi,..., z n _fc with Zi <C ||zj|| <C Z^. Let t < 2k be such that k 2 = 
|| A (zi, Z()\\Zf k Zf k > 0. Assume that Z\Ze <C BC. Finally, let 

S a (B , C ; k) = #{b, c G A a : ||b|| < B, ||c|| < C, || A (b, c)|| < nB k C k }. 


Then we have 

5 a (B,C; K )« 


Z\ Z( 
BC 




n i t>c y 
z i J nLi z^zizj 


i—k 


log BC. 


Proof. By symmetry we may assume without loss of generality that B < C. We 
may further assume that Z\ <C B since otherwise there are no vectors b £ A a with 
||b|| < B and so S a (B , C; n) = 0. 

By assumptions of the Lemma, we can write b = c = i c i z i with 

bi <C B/Zi and Ci <C C/Zi. Since A(zi, z^) ^ 0, we have that || A (b, c)|| 2 is given by 
a polynomial of degree Ak in the coefficients bi,Ci, which is a polynomial of degree 
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2k in the bi and degree 2k in the d- Since the coefficient of b 2k c 2k is || A (zi,Zf)|| 2 , 
we have that this polynomial takes the form 

bl k (cj k || A (zi,z ^)|| 2 + f 2 ) + / 3 , 

where f 2 is a polynomial independent of b\ and degree at most 2k — 1 in q, and / 3 
is a polynomial of degree at most 2k — 1 in c 3 . 

Let us be given a choice of & 2 ,..., b n -k , Ci,..., q_i, d+h ..., c ra _fc and a quantity 
U = 2 3 <^C 2k B 2k . By Lemma[9]2]there are 0(1 + 17 1 / 2fe || A (zi,z^)|| _1 / fc ) possible 
values of such that c 2 fc ||A(z 1 ,z ^)|| 2 + / 2 £ [C/,2{7]. Here the implied constant does 
not depend on our choice of the other bi, d or on U. For each such choice of q there 
are 0(1 + Kjl k BCU~ x l 2k ) possible choices of b\ such that || A (b, c) || 2 -C n 2 B 2k C 2k 
by Lemma 19.21 again. Thus, combining these bounds with the trivial bounds B/Z\ 
and 1 + C/Zn for the number of choices of b\ and d, we find that there are 

K x ' k BC B C K 1 / k BC 


, B C 
K< + Z ± + Z e 


B C 

1IM z^zW 7 ^ ^Z~i + Z~e 


i/k , 


v 2 Z\Z(_ 

possible choices of bi, d for this value of U. Since this bound does not depend on 
U, we can sum over all possible values of U = 2 3 with 1 < U <C B k C k at the cost 
a factor O(logHO). We also have the trivial bound where k/k 2 is replaced by 1. 
Thus for any choice of b 2 ,..., b n _ k , Ci,..., d-i, d+i, c n - k we have 


<C 


'£i 
, B 


Zc 

+ — + mm 

o 


k BC log BC 


K 1 '© ;) 


Z\Zi 


choices of b±, d- 


Let js , jc < n — k chosen maximally such that Zj B <C B and Zj c <C C. Then, 
since the number of choices of ||&i|| is 0(1 + B/Zi) (and similarly for d) the number 
of choices of b 2 ,.. .,b n - k ,c i,.. .,d-i,d+i, ■ ■ •,c„_ fc is 

TT ^ TT ^ 

^ it z" n 


1<*<JB 

i /1 


1 <i<jc 


We recall that we assume B < C so js < jc- Thus, splitting into the three cases 
jc > jB > £, jc > £ > jB and £ > jc > Js and pulling out a factor Z|/ nli Zi, 
we see that the above is 


<C 




n 


X 


B 3B ~ 1 C 3C ~ 1 

ge—igjB+jc—i—v ’ 
B j B 1 C 3(3 1 


i—1 ■ 


Z[ B - 


l z 3c 


-1 ’ 


B 3B ~ 1 C 3C 

z{ B ~ x z\ c 


jc > jn > £, 
jc>£> jB, 
£> jc > is • 


In each case above, we first multiply the bound by BC/Z\Zi 1 repeatedly until 
the exponent of C is n — k — 1 (noting that since n > 3 k and t < 2fc, the initial 
exponent of C is at most n — k — 1). We then repeatedly multiply by ZtjZ\ > 1 
until the exponent of Zg in the denominator is n — k — 1 (noting that the initial 
exponent of Zg in the denominator is always at least as large as the exponent of C 
in the numerator). Finally, we multiply by B/Z\ > 1 repeatedly until the exponent 
of B is n — k— 1. In all cases we multiply by ZxjZg at least once unless js = jc = £, 
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in which case we multiply by BCfZxZi. > BfZ\ at least once. This gives us the 
bound (regardless of the size of Jb, jc ) 

Z[ B n - k ~ 1 C n ~ k ~ 1 tZ x Z\ \ 

nLi Zi zr^zr^ 1 ^ + 


Combining this with our bound on the number of choices of foi,c^, we obtain that 
the total number of b, c is 


< 




1 A\ 


Z x \ ZfB n ~ k C n ~ k log BC 

yj zr fc zr fc nli ^ 


Finally, we note that since Z\ < B 
Z\ ( Z\ Zn 


Z\ (Z\ Zi .(. ( k 

s(b + C + 

and since Z\ < Zl, B < C 


k \ 1 / fc 


< 


ZiZt 

BC 


Zi 
B ' 


Z e \B C 
These bounds give the result. 


— (— 4 . 4 . ^ _|_ f K ^ 1 ^ k 

V Ko ) ) B V / 


^ 2 ^ Zi 


□ 


Lemma 9.4 (Determinant rarely small for Archimedean reasons). Let n > 3 k. Let 

S(A ; B, C) = {(a, b, c) G (Z") 3 : ||a|| G [A, 2A], ||b|| G [B, 2 B\, ||c|| G [C, 2C], 

A (b, c) /0, aG A b , c } 

S(A; B, (7; n) = {(a,b,c) G S(A;B,C ) : || A (b,c)|| < nB k C k }. 

Then there is a constant 6 = 5(n, k) > 0 such that 

#S{A- B, C) « A n - 2k B n - k C n ~ k exp(0(log BC) 2 ), 

# 5 (A; B, C; k) < (V /fe + A n-ik B n-k C n-k exp(0 ( log BC) 2 ). 

In particular, taking k = e 8k = exp(—8fcvdog X) and B = C X s , we have 

#{(a,b l7 b 2 ) G S{A-B,B) : 0 < || A (b 1; b 2 )|| < e 8k B 2k } < e 7 A n ~ 2k B 2n ~ 2k . 


Proof. We prove the result by induction. The Lemma trivially holds if BC <C 1. 
Assume the statement of the Lemma holds whenever BC < 2 J for some integer J. 

Given b,c with A(b, c) 0 and ||b|| G [B,2B],||c|| G [C, 2(7], any a such that 
(a, b, c) is in S(A; B, C, k) satisfies ||a|| G [A, 2A] and a G A b c . Since A(b, c) y^ 0, 
A b . c is a lattice of rank n — 2k and determinant <C B k C k . If v = v(b, c) is the 
shortest vector in A bjC , then ||v|| n_2fe <C B k C k and the number of a G A bjC with 
||a|| G [A, 2A] is 0(A” _2fc /||v||™ _2fe ). We recall that v G A bjC implies b. c G A v . 



44 


JAMES MAYNARD 


Thus, putting ||v|| in one of 0(\ogBV) dyadic ranges [V, 2V\ we have 


S(A; B, C: k) < A n ~ 2k 


||b||e[B,2S] 

||c||e[c,2C] 


1 

||v(b,c)||"-“ 


(9.4) 


< A n ~ 2k {log BC) sup 

V n-2k^ B kCk 


E 

IM|e[v,2V] 


1 

^/ r n—2k 


E i- 

b,c£A v 

l|b||e[B,2B] 

||c||e[c,2C] 

||A(b,c)||<KBC 


Since v ^ 0 , A v is a lattice of rank n — k. Let this have successive minima 
Z\ < • • • < Z n _k- We note that since n > 3k and V n ~ 2k <C B k C k , we have 


n—k 

(9.5) Z k Z k +l < Z k Z^~ 2k < Y[ Z, < det(A v ) « V k < (BC) t2/ ("- 2t ). 

i=l 


Thus ZiZfc+i (.BC ) 1 2,5 where 5 = (n — 3k)/n 2 > 0. By Lemma [9731 (taking 
£ = k + 1), the inner sum in (19.41) is 


<C 



ZiZk+i 

BC 


E,(- 


1 /fc 


V 


\ z k + l f 
) i r' / V. 


BC 


' Zk+1 / n , = i ^ ^ 


n—k 

log BC, 


where n 2 = sup ZlZ k ^k -piII A ( z ii z fc+i)|| > 0 and the supremum is over all 

zi, Zfc+i £ A a which can be extended to a basis zi,..., z n -k with Zi -C ||zj|| <C Zi. 
We note that there are 


> 


ryk 

Z 'fc +1 

n E 


different vectors y € A v with Zfc+i -C ||y|| -C -Zfc+i such that 0 < || A (zi,y)|| -C 
K 2 Z k Z k +1 , since given a basis Zi,..., z n -k, all choices y = Zk+i + X)E A^z,: with 
|| A (y, zi)|| ^ 0 and Aj <C Zk+i/Zi satisfy this. Thus, putting ||zi||, ||y||, k 2 each in 
one of 0(\ogBC) dyadic ranges [Z,2Z], [Y, 2Y] and [K,2K] respectively, we have 


S(A; B, C; k) < A n ~ 2k B n ~ k C n ~ k (log BC) 


(9.6) 


<C A 


x sup 

yn-2k^ :B k c k 

Z«Y 

z kyn-2k < ^yk 

(ZY)~ k <CK<C 1 
n—2kj^n—k^jn—k 


E 


l|v||e[V,217] 


Tz,Y-,B,C;k,K 

^n-/cyn-fcyn-2fc 


zi,yGA v 

||zi||e[z,2Z] 

||y||e[Y,2Y] 

0<||A(zi,y)||<A(ZY)' : 


; (log SC ) 5 sup 
V,Z,Y,K 


Tz,y-,b,c-,k,kS(V ;Z,Y; K) 

^ j n—k^Yn—k^n—2k 


where 


Tz,Y;B,C;k,K 



and where the supremum in the final line is over V, Z , Y, K satisfying the same 
constraints as the first line. 


If BC < 2 J+SJ , then, since ZY <C (BC) 1 25 , we have ZY < 2 J if J is sufficiently 
large in terms of n, k. We can then apply the assumption of the Lemma, so, taking 
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the implied constant in the O(-) to be G, we have that 
S(A-B,C\ k) 

A n - 2k B n ~ k C n ~ k {\ 0 gBCf 


(9.7) -C sup T z ,Y;B,c-, K ,K(K 1/k + ^ ZY \ -) exp(G(loglogZY) 2 ). 

V.Z.Y.E ' n y 


V,Z,Y,E 
Since Z <^Y we have 


Z 

V 




+ 


(Zy)V 2 ~* N ^ Kl/k ^ (ZY) 1 / 2 - 5 


B 


<C lv + 


B 


1/k (BC) 1 / 2 - 5 

< K 1/k + ± -. 

JD 


Since K « 1, Z < B, FF <C (BC) 1 - 25 and Z <C (ZY) 1 / 2 <C ( BC) 1 / 2 "' 5 we have 


(!+§)(— 


(ZY) 1 ! 2 ~ s \ _ Z ZY (ZY) 1 / 2 - 5 
/ < B + ~BC + B 


B 


<C 


(BC) 1 / 2 

B~ 


-s 


(BC) 


1 (BC) 1 / 2-5 


B 


Since 2TF <C BC 1 25 we have log log ZY < log log BC — 26. Substituting these 
bounds into (HTTP gives 


S(A-, B, C; k) 


A n - 2k B n - k C n ~ k (log BC) 5 


<C 


' (BC) 1 / 2 

. FT 


-s 


K 1/k ) exp(G(log log BC - 25) 2 ). 


Finally exp(G(loglog5G- 25) 2 ) <C (log BC)~ 6 exp(G(log log BC) 2 ) for G > 25" 1 , 
and so we obtain the claimed bound for 5(A; B, C ; k) if B, C are large enough. 

The result for S(A; B, C) follows immediately from (19.61) on noting that T Zi y-,b,g-,k.,k "C 
1 and S(A-B,C) = S(A;B,C, 1). ’ □ 


In the course of the above proof, we also showed the following result, which we 
state separately for convenience. 


Lemma 9.5. Let n > 3 k. Let Zi( a) be the i th successive minimum of A a . Then 
we have 


E 

NI«C4 


_ z k+ j(a) fc _ 

Z\(a) n - k Z k+ i(a/) n ~ k Ili=i Zi(a) 


<C A n ~ 2k exp(0(log log A) 2 ). 


Lemma 9.6. Let n > 3k, and let 5 > 0 be sufficiently small in terms of n and k. 
Given a vector a £ Z™\{0}, let Z n _ k ( a) be the n — k th successive minima of A a . 
Then if A k /( 1 ~ 5 ' > < B n ~ k we have 

#{(a,b!,b 2 ) £ S(A-B,B) : Z n _ k ( a) > B 1-5 / 2 } < A n ~ 2k B 2n ~ 2k ~ 5 / 2 . 


Proof. Let Z- t ,..., Z n _ k be the successive minima of A a . Since Af/^ 1 5 1 < B n k , 
n > 3k and Z k Zff 2k <C det(A a ) <C A k , we have Z\Z k +\ <C B 2 - 25 . Let j be chosen 
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maximally such that Zj -C B. Then the number of bi, b 2 £ A a is 


<C 


B 2 i 


m=i z? 


< 


yk 
^k +1 

nUiZ 


x 


B'B 


Z{ZU 1 

B 2 o 

yk y2j~k ’ 

j^2n—2k 
2n—3k — 2 


ZiZ k+ i 


Z 2 


—/c 


j < k, 

k+l<j<n — k, 


j = n — k. 


Since Z„_fc > B 1 s / 2 and Z\Z k +\ -C B 2 2S and n > 3 k, we have that in each case 
this is 




yk 
Z fc +1 

nti Zi 


j^2n—2k—5 

yn—k yn—k ' 
^1 ^ k +1 


Thus the number of triples (a, bi, b 2 ) counted in the Lemma is 


< B 


2n—2k—S 


yk 

^fc+l 


l|6[A,2A] 


nti 


^n—k^n—k ’ 


But by Lemma 1931 this is -C A n 2k B 2n 2k 5 / 2 , as required. 


□ 


Lemma 9.7 (Diagonal Terms). Let n > 3k and let 6 > 0 be sufficiently small in 
terms of n and k. Then if A fc /( 1_l5 ) < B n ~ k we have 

#{(a, bi, b 2 ) £ S(A; B, B) : A(bi, b 2 ) = 0} < A n ~ 2k B 2n - 2k ~ 5 / 3 .. 


Proof. By Lemma l9.6l we only need to count the contribution from a with Z n - k { a) -C 
B^-s/ 2 . L e t a be given, so we wish to count bi,b 2 £ A a with A(bi,b 2 ) = 0. Let 
A a have a simplified basis zi,... and let bi = )T )” =1 AjZj, b 2 = 7* z d 

with -C B/Zi 1 where Zi = Zi{ a) are the successive minima of A a . Since 

A(zi,Zfc + i) ^ 0 , we have that A(bi,b 2 ) = 0 only if a non-zero polynomial (of 
degree 0(1)) in the A,, y, vanishes. Thus the number of choices of A,, y,; is 


T—/C—1 


j-) ' <■ J- 7 -) 

«( 1 + i) no+f) 


2 jg2n—2k—5/2 j^2n—2k—5/2 

« -- fc - « 


i=l 


nr=i 


yn—k yn—k 
^1 ^k+l 


where we have used the fact that Z n _ k <C B 1 ^Z 2 and n > 3/c. But then by Lemma 
19.51 this means the size of the set in the Lemma is 


< 


E 

N|e[A,2A] 


Zfo 2 J^2n—2fc—<5/2 

n k ry yn—k yn—k 

i= 1 1 


j^n—2kj^2n—2k—8/3 


□ 


9.2. Non-Archimedean estimates. We now consider bi, b 2 for which the deter¬ 
minant of Ab^ba is small because D\ 3l ,h 2 is large. 

Lemma 9.8. Let e > 0. Let fi,...,ft £ Z[xi,...,x„\ be i > 2 polynomials of 
degree at most d with coefficients of size at most F. Assume f = (/i,..., ft) has 
no non-constant common factor in Z[AA,..., X n ], and e p £ N are such that f does 
not vanish on (Z/p ep Z) n for any prime p. Let E = > 1 p 6p - 
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Then for any reals Do > 1 and 1 < X m i n < X i,..., X n < X max we have 

#{(x, D) :xeZ”, \xt\ < Xi,D > E 0 , f(x) = 0 (mod E),f(x) 0} 

11 n 
^ ( n l/2 d + ) ( D 0 FX max) e E n J\ X i 

D Q i=1 

Here the implied constant depends only on i, n, d , e. 

Proof. Without loss of generality we assume that X max = X\ > ■ ■ ■ > X n = X min . 

We first choose u S Z" such that f (u) ^ 0 (mod p Bp ) for any p < d and 0 < m E. 
This is possible since f doesn’t vanish on (Z/p ep Z) n . Similarly, for any prime p 
with e p = 1, the fact f doesn’t vanish on means that there is a polynomial 
fpA £ {/i,..., ft} such that f P A has a non-zero coefficient. Viewing f Pt i(x) as a 
polynomial in xi, and selecting a non-zero coefficient we find a non-zero polynomial 
f P: 2 in X 2 , ■ ■ ■, x n such that / Pj i is a non-zero polynomial in X\ if / Pj 2 ^ 0 (mod p). 
Repeating this we obtain polynomials f P: 2 , ■ • •, f P ,n with f p j a non-zero polynomial 
in Xj,...x n and f p j is a non-zero polynomial in Xj if f P j+ 1 ^ 0 (mod p). We then 
choose non-zero integers v n ,... ,v\ in turn such that f P ,j{vj, ■ ■ ■, v n ) ^ 0 (mod p) 
for any prime p which divides all components of f(u) and with e p = 1. Since 
l|f(u)|| <C ( FE )°( 1 ) has OflogFE) such prime factors, and a non-zero polynomial 
of degree d in one variable can vanish at at most d points in F p , we can choose 
Vi,... ,v n such that Vi log FE. Therefore any integer dividing all components 
of f(v) and f(u) must divide E. Thus, without loss of generality, it is sufficient to 
count pairs (x, D) such that D/(I?,f(v)) > ( D/E) 1 / 2 for some ||v|| <C -Elog-F. 

We note that since v n 0, \vi\ <C ElogF and X\ > ■ ■ ■ > X n , we can write any 
vector x <E Z" with \xi\ < Xi as u n x = x 'i e i + 4 V l^il ^ XiElogF, 

where are the standard basis vectors of Z". Thus it is sufficient to count pairs 
(x, D) with \xi\ <C XiElogF and f(x) = 0 (mod E), where f(x) = f(J]"=i 1 x 'i e i + 

X 'rX)- 

By the Euclidean algorithm (or calculating a suitable resultant) E|f(x) only if 
D\g{x .\,..., x n -i) for some non-zero polynomial g independent of x n and of degree 
at most d 2 and with coefficients of size at most F°^\ since the components of f 
have no non-constant polynomial common factor. There are 

n— 1 n—1 n —1 

« e n x ^gF « v-jjEiogF)”- 1 n w 

j= 1 2=1 2=1 

choices of Xi,... ,x n -\ such that g(x±,... ,x n -} = 0 and \xt\ <C XiElogF. For 
any such choice there are 0(X n E log F) choices of x n such that f(x) 0 and 
0{{X max EF) e ) choices of E|f(x). Thus we may assume that g(x i,... ,x n _i) y^ 0. 
There are then 0{{EFX max Y) choices of D\g(x \,..., x n -\). We are only counting 
integers D with D/(D, f(v)) > D 1 ^ 2 E ^ 1 ^ 2 , and so a suitable linear combination of 
the components of f (x) gives a polynomial of degree at most d in x n such that the 
lead coefficient, h say, satisfies D/(D,h) > D 1 / 2 E~ 1 / 2 . Then by Lemma [9.21 we 
have that the number of choices of x n such that this polynomial vanishes mod D is 

D WEn e , /I In 
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This gives the result. □ 

Lemma 9.9. We have 

#{b G F” : A(b) = 0} « p k ~ x . 

Proof. We may assume that p is sufficiently large, so 8 ^ 0 (mod p ) and p > n. 
We recall that if A(b) = 0 G F p then there exists constants Co,..., Cfc_i not all 0 
such that 

k -1 

E c ^( b ) = °- 

i=0 

We argue in the case co,Cfc_i ^ 0; the other cases are entirely analogous. By 
inverting Co, we have b = T°(b) = c iT*(b) for constants c' with c' k _ 1 ^ 0. 

Thus, letting b n +j = bj/0, we have bj = Ylili f° r all 3 e Z. Moreover, 

we may assume that b does not satisfy any other recurrence equation of this type 
because in that case, we may take a linear combination and have c , k _ 1 = 0. This is a 

difference equation, and so bj = Yli=i p iU)K f° r some polynomials Pi,..., Pg with 
total degree at most k — 1, and constants Xi in a finite extension of F p . Moreover, 
the monomials j mi X 3 m2 uniquely determine c [,..., c' k _ 1 as the coefficients of the 

monic polynomial X k ~ x — YliZi c' i X k ~ l ~ 1 G F P [AT] of least degree which has A i as 
a root with multiplicity at least deg Pi. 

But then JT Pfin + j)X/ +1 = b n+j = bj/0 = 8 JA p i(j)K for a11 3- This gives a 
fixed linear combination of the monomials j mi X J m2 which vanishes for all j, and so as 
in Lemma 18.21 the coefficients of all monomials must be zero. Thus, on comparing 
the coefficient of j e X\ and letting be the coefficient of in Pfix), we have 
Pe,i = 8 A" Y^ m >tP m X nrn t ( 7 ) ■ considering the highest degree coefficients first, 
we see that either Pi(x) = 0 or A" = 8~ x and p m ,i = 0 for all m > 2. 

Thus we have bj = )A p,;.i A) where for each i we have A" = 8~ x . But then there are 
0 ( 1 ) possibilities for the monomials appearing in bj , and so 0 ( 1 ) possible choices 
for the coefficients c[,..., c , k _ 1 . Since b is uniquely determined by c[, , c k _ 1 and 
there are 0[p k ~ x ) different possible choices of b. □ 

Remark. We expect the bound of Lemma \9.9\ to be sharp for infinitely many p, 
since it involves n equations in n + k — 1 variables. 

Lemma 9.10 (Determinant rarely small for non-Archimedean reasons). Let n > 
3 k, 6 > 0 and A k ^ x ~ 5 ) < B n ~ k . Then we have for any constant C > 0 

#{(a,br,b 2 ) G S(A-B,B) : D blM > a G U A } e ° /4k A n ~ 2k B 2n ~ 2k . 

Proof. By Lemma 19.61 we can restrict our attention to a such that A a has all 
successive minima Z\,... ,Z n _k <C B x ~ 6 ^ 2 , and by Lemma [9771 to bi,b 2 with 
A(bi,b 2 ) 7 ^ 0. By Lemma lfK5l (since efi C ^ 4k > exp(0(loglogP) 2 )), it suffices 
to show for each such a that 

C/2k r>2n—2k 
e 0 D _ 

n n-k y 2 
i= 1 

l|b 1 ||,|lb 2 ||e[B, 2 B] 

£>|A(b,c)^0 


E E i« 


(9.8) 
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We split our argument into different cases, depending on whether D < B 6 / 2 or 
D > B 5 / 2 . We first consider D < B & ! 2 . We recall that A(bi,b 2 ) is a vector 
of homogeneous polynomials in the coefficients of bi,b 2 with coefficients of size 
0(1) and degree at most 2k. If A(bi,b 2 ) = 0 (mod p) then there exists constants 
Cq, , Ck-i,do ,..., dk -i £ Z at least one of which is 1, such that 


k -1 fc-l 

Y, ^(bo = Y ( mod p)- 

2=0 2=0 


By symmetry we may assume that one of the Cj is equal to 1. Given a choice of 
co,..., Cfc_i, do, ■ • •, dk -1 and b 2 , we see that we are counting solutions bi £ A a to 
a linear equation Mh\ = v (mod p) for some given v 6 F™. The number of such 
solutions in F” is at most the number of solutions of Mb\ = 0 (mod D ) by linearity 
(it is the same if v is in the image of M ). But the number of bi, co,..., Ck-i with one 
of the Cj equal to 1 and X)i=o c i^ l (bl) = 0 (mod p) is the number of bi £ F” such 
that A(bi) = 0 (mod p). Let A a be the reduction of A a (mod p), which contains 
p n -k e i emen ^ s since any basis zi,..., z n _k is linearly independent (mod p). There 
are 0(p k ) choices of do, ■.. ,dk-i (mod p) and 0(p n ~ k ) choices of b 2 £ A a . By 
Lemma ITJTTJI there are 0(p k ~ 1 ) choices of bi (mod p) such that A(bi) = 0 (mod p). 
Hence in total there are 0(p n+k ~ 1 ) <C p 2n - 2k ~ 2 choices of b lt b 2 £ A a such that 
A(bi, b 2 ) = 0 (mod p). Since there are p 2n ~ 2k choices of bi, b 2 £ A a , we have that 
A(bi,b 2 ) = 0 (mod p) is given by a system of degree k polynomials such that at 
least 2 polynomials are non-zero and have no common factor when viewed (mod p) 
and restricted to A a if p is sufficiently large. 

If p is bounded by a constant, then since the polynomials defining A(bi,b 2 ) have 
degree at most k and coefficients of size 0(1), there is a fixed constant J (depending 
only on n, 9) such that A(bi, b 2 ) jk 0 (mod p J ) identically on A a for any prime p 
and any a. Thus A(bi, b 2 ) = 0 (mod p J ) is also given by the vanishing of at least 
one non-zero polynomial of degree at most k when restricted to A a (mod p J ). 

Let D = nL Vi = D 1 D 2 with D\ = Ili=i Pit D 2 = n!=i P 6i_1 be factorized into 
square-free and remaining parts. By the above discussion, there are 0(p^"~ 2fc ~ 2 ) 
choices of bi,b 2 (mod pi) with A(bi,b 2 ) = 0 (mod pi) and bi,b 2 £ A a (mod p). 
Thus, by Lemma HTffl there are 0(p 2n ~ 2k ~ 2 p[ Bi ~ i)(" _fc_ i/ fc )+°(i)) choices of 

bi,b 2 (mod pk '-). Thus, by the Chinese remainder theorem, the total the number 
of choices of possible residue classes for bi,b 2 (mod D) is 


<C 


D 


2n—2k 


D 2 Dl /k+o{1) ' 


Since we are considering D < B s / 2 < B/Z n -k, the number of choices of bi, b 2 £ A a 
with || bi||, ||b 2 || in any given residue class (mod D ) is 0(B 2n ~ 2k D~^ 2n ~ 2k ' ) / Z 2 ). 
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Thus the total contribution from e n c < D < B & ! 2 is 


(9.9) 




E 

D\D-2>€ q 1 
p\Di=>p\D2 


D 


2n—2k 


B 


2n—2k 


D 2 D\ /k+o(i) nrE zf 




C/2k n2n-2fc 

6 0 B 


n 


n—k 


z 2 


E 


D\ Z?2 >Cq 

p\D!^p\D 2 


n 2-l/2 k n l/2fc+o(l) 
c JJ 2 


< 


/2k j^2n—2k ^ 


<Di) 




n £i k z? 

C/2k o2n— 2k 

e 0 # 


n 2-l/2 k 
D i ^1 


n 


n—k 


z? 


This is sufficient to give (19.811 when D < B s / 2 . 

Thus we are left to consider the contributions when D > B 5 / 2 . Let z 1: ... , z n _ fc be 
a basis for A a , and so bi = Y27=i ^i z i> ^*2 = Er=i 7* z * f° r some ^i, 7 » •C B/Zi. 
From our above discussion, A (127=1 ^i z u 127= i 7 i z i) is a vector of polynomials of 
degree k in Ai,..., A„_fc, 7 i,... , 7 which does not vanish identically (mod p) 
for p sufficiently large, or (mod p J ) for some fixed J if p -C 1. Therefore, by Lemma 
19.81 the number of pairs (v, D) with D > B e such that A(bi, b 2 ) = 0 (mod D) but 
A(bi,b 2 ) 7 ^ 0 is 


n-k „ 2 

(9.10) < B ~' J / 4fe Y[ -r ?2 • 

i= 1 i 

Recalling that eo = exp(—vdogX) and B X s , we see (19.1011 gives (19.81) in the 
remaining range D > B s ! 2 . □ 


9.3. Separation of variables. We assume that n > 3k. We recall from (19.31) that 
we wish to show 


E —- \ T 1 2 au— 2k ri2n—2k 

.9bi.9b 2 2^ 1 ^ e o A B 

l|bi ||, ||b 2 1| e [B,2B] aeA bl , b2 n n A 

bi,b 2 =bo (mod q ) 

for any choice of bo, where A, B satisfy X -C AB <C X and X k+e / 2 -C B -C 
X n ~ 2k ~ e / 2 . For S sufficiently small in terms of e, we see that this implies that 

j^2(l+8)k/(n-2k) < —A)(n—fc)/fc 


Combining Lemmas 19.4119.7119.101 and recalling that 5b <C e 0 2 , we have 

E ISb^l Y, l«£o A n ~ 2k B 2n ~ 2k . 

||bi||,||b 2 ||e[B, 2 B] aeA bl , b2 rrRA 

||A(b 1 ,b 2 )||< e “B 2fc or B blib2 > e - 24fe 

Thus we may restrict our attention to bi, b 2 such that || A (bi, b 2 )|| > e$ k B 2k and 

7~) / —30 k 

^bi,b 2 E ^0 
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We first deal with the Db 1 .h 2 factor. By Moebius inversion, our sum is 

X! 55 9b jffbT 55 1 

D<e- 30fc l|bi|U|b 2 ||e[S,2B] a 6 A bl C\U a 

Ob 1 ,b 2 —O 

= 55 E^) E ffb^ E L 

D<e~ 30k d ||bi||,||b 2 ||e[B,2B] a6A bl|b2 nKA 

Dd|Dbi,b 2 

where indicates that we have the condition that || A (bi, b 2 ) || > e 8 0 k B 2k and 
bi = b 2 = b 0 (mod q). Since |gb| eg 2 , Lemma 15.101 shows the contribution from 
d > eg 200fc is negligible, leaving us to estimate 

E 9(. d ) E 5b!5b7 E L 

d<e -200fe 2 D<£ -30fc ||bi||,||b 2 ||e[B,2B] aeA bl , b2 OTCA 

0 ’ 0 dB|B bl , b2 

Thus, splitting the sum over bi, b 2 into residue classes modulo [ dD , q], and recalling 
q = (9n) n q*N(c) < e^ 1 = exp(v / log B), it suffices to show that 

clln Y^* _ 7 = — Y^ 1 Yioofc 2 A n-2k n2n-2k 

sup ^ 2^ .9bi5b 2 2^ 1 < e 0 At 

D<£- 300fe2 ||bi||,||b 2 ||e[B,2B] aeA bllb2 n7iA 

di,d 2 €Z n (bi ,b 2 )=(di ,d 2 ) (mod D) 


By Lemma 16.11 and Lemma 18. lj. we have that the inner sum is 

D bl ,b 2 VOlft A A n-2k-l . 


1+ V n-2k-l) 


II A (b 1 ,b 2 )|| ' ~V ' V-^-1)' 

where V is the length of the shortest vector in Ab 1 ,b 2 - By Lemma 19.41 since 
yn- 2 k ^ d e t Ab 1; b 2 "C B 2k , this error term contributes 

A"- 2fc - 1 (log5)eg 4 


< B 2n e ~' 4 


sup S(V;B,B) 

yn-2k < ^B2k 


yn-2k-l 

^2n+o(l) _j_ A n ~2.k— 1 j^ln— 2fc+2fc/(n—2fc)+o(l) 


This is < A n-2k-8/2 B 2n-2k since A ^ B 2(l+8)k/(n-2k) by assum pti on . Thus we 
may restrict our attention to the main term. 


We split the sum over bi, b 2 into O(S 0 2n ) hypercubes C±,... ,C( of side length SqB. 
There are 0(<5((~ 2 " +1 ) hypercubes which do not have all points with norm either in 
[.Bo, 2Bo] or outside of this interval. Thus, on choosing So = e§ 000fc we see that 
these contribute a negligible amount. Thus we are left to show 


V V 

1 <i,j<£ (bi,b 2 )eCiXCj 

(bi,b 2 )=(di,d 2 ) (mod D ) 


9b,9b 2 vol IZa ^ y/ 2 . 
l|A(b I ,b 2 )|| <<,S » A 


i—2kj^2n—2k 


where (Ci)i<j<^ are the O(S 0 71 ) hypercubes with all points in C; having norm in 
[B, 2 B\ (sine eg b = 0 if N{b) £ [B, 2B]). 


Since the hypercubes have side length S 0 B, and || A(bi, b- 2 )|| is a continuous function 
in the components of bi,b 2 , with the derivative with respect to any component 
0(B 2k ~ 4 ), we have that || A (bi,b 2 )|| is almost constant on Cj x Cj. Specifically, 
II A (bi,b 2 )|| = || A (b^b^lKl + 0(dg /2 )) for any b^ty £ C», b 2 ,b' 2 £ C 2 if 
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|| A (b^, b^) || > S^ 2 B 2k . Thus, let c* be the vector in the center of Ct and extend 
the sum to all pairs (bi,b 2 ) £ Ci x Cj for which || A (cj,Cj)|| > CQ 8k B 2k /2 (which 
introduces a negligible error from the above estimates). We are left to bound 


E 

1 <i,j<t 


1 

e 8k B 2k 


E tfbiSbaVOlftA 

(bi ,b 2 )GCi X-Cj 
(bi,b2) = (di,d2) (mod D ) 


Similarly, voIIZa is the volume of a region whose dependence on bi, b 2 is through 
constraints which are linear in the coefficients, and so vo\1Za "C A n ~ 2k can vary by 
at most 0(5oA n ~ 2k ) on Ci x Cj. This error contributes 0(<5 o£q 8k A n ~ 2k B 2n ~ 2k ) in 
total, and so is negligible. Thus we may replace voITZa with the volume evaluated 
at Cj,Cj, which we bound by 0(A n ~ 2k ). Thus it suffices to show for any choice of 
D < 6 0 ' and any i,j, di, d 2 

„ x 2n+l/2 „ 2n 

, 9 bi<?b 2 ^ Cg B 

(bi ,b2)GCi xCj 
(bi,b2)=(di,d2) (mod D ) 

This sum factorizes as 

( E ffbO( E 9 ^)- 

biGCi b2€Cj 

bi=dx (mod D) bi=d2 (mod D) 


We now replace gt, with the original coefficients 1-R. 2 (b) — l-£ 2 (b). As in Lemma 
EU the error introduced by making this change is 

« £ r(b) log A « g^ooofc 2 £ r(b) iooo fc 2 +2 

bee bee 

' r (b)> e (f 2 


< 6 , 


E • 

iV(0)<B 1 / 2 


■(A(5))°W 


E 

de(z/JV(8)ZT 

®l 127=i d * '^ TZ 


E 


bee 

■ b=d (mod N{D)) 


« 6q +1 b u J2 

iV(0)<B 1 /2 


r(0)°« 

iV(0) 


< 5” +1 (logB)°( 1) B n . 


Since the trivial bound for either sum is Sq B n e 0 2 , this makes a negligible contri¬ 
bution. Thus we are left to show that 

E (l Wa (b) - Wb)) « 6 n 0 +1/2 B 2n . 

bi eCi 

bi =dp (mod D) 

This follows from Lemma 17.51 This then gives the bound (19.31) , and so completes 
our proof of Proposition 15. II Thus we have established Theorem 1 1.21 and Theorem 
II .11 in the case I\ = Q( \/d). 


10. General I< = Q(w) 

In this section we sketch the changes in the argument required to generalize the 
above result to K = Q(w) for uj a root of a monic irreducible polynomial in Z[X] 
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instead of K = Q( \fd). Most of the arguments work with any occurrence of V 
simply replaced by w ,_ , but in a few places we require some small modifications 
to the argument. We first consider the argument of Sections 09] which establishes 
the Type II estimate Proposition 15.II 


The argument of Section [7] is essentially unchanged, as in no place did we use the 
explicit structure of K being of the form Q( yfd). 


In Section [5] we make use of the explicit multiplication rules in Zand so we 
need to modify this for Z[w]. We see that 


n n n 


with 


ci = 


(i>+ 


i =1 


l-idi + Sij. 

i+j>n-\- 2 


iha 


i) = T n _t( b) • a, 


where £%,j i £ Z are some constants depending on the coefficients of the minimal 
polynomial / of to. Here To,..., T n _i are linear maps with the property that Tj(h)i 
is equal to b n +i-j-i plus some linear combination of b n -i + 2 ,..., b n if n > t + j. 
Again, we let o denote the above operation, so that c = b o a. We then have the 
corresponding definition of the lattices A v and A Vl , V2 


A v = {x £ Z" : (x o v )i =0 , n — k < i < n} 

= {x £ Z" : x • Tj (v) =0, 0<*<fc — 1}, 

A V1iV2 ={x£Z":(x« vi)i = (xo v 2 )i = 0, n — k < % < n} 

= {x G Z” : x • Tj(vi) = x • Tj(v 2 ) = 0, 0 < % < k — 1}, 


and Lemma 18.II then holds in an identical way with T l replaced by Tj. In place of 
Lemmas 18.21 and 19.91 we have the following two simple Lemmas. 


Lemma 10.1. Given b £ Z"\{0}, let C be a linear subspace of R” such that 
A(x, b) = 0 for all x £ C. Then C has dimension at most 2 k — 1. 


Proof. We note that for x e Z"\{0} we have A r (^]" =1 Xito 1 x ) ^ 0, so the columns 
To(x),..., T n _i(x) in the multiplication-by-^™ =1 Xi w l_1 matrix are linearly inde¬ 
pendent. Thus there are no constants Co,..., Ck-i not all zero such that EiLo 1 c i^H x ) 
0. Thus , by linearity of the Tj, we see that given co,..., Ck -1 not all zero and given 
do,, dk-i there is at most one x £ Z” such that 

k-1 k -1 

^CjTj(x) = y^djTj(b). 

1 =0 2=0 

Hence if A(x, b) = 0 then x is given by vector of rational polynomial expressions in 
co, ..., Ck- 1, do, ■■■, dk-i- Since one of co, ..., Ck-i,do, ..., dk-i may be assumed 
to be 1 , we see x lies in a variety of dimension at most 2k — 1 , and so any linear 
subspace containing only x of this form must have dimension at most 2k — 1. □ 

Lemma 10.2. We have 

#{b € : A(b) = 0}«p 2fc - 2 . 
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Proof. If A(b) = 0 £ F”, then there are constants co,...,Cfc_i one of which is 
1 such that CjTj (b) = 0. We argue in the case c*,_i = 1; the other cases 

are analogous. Looking at the i th component for l < n — k + 1, we see this gives 
b n _k~V 2-1 in terms of b n _k+i~t, ■ ■ ■ ,b n . In particular, b is uniquely determined by 
b n -k+ 2 , • ■ •, b n and ci,..., Ck- 2 - Hence there are at most p 2k ~ 2 choices of b. □ 


Since we have a bound 2k — 1 in Lemma HO instead of k of Lemma 18.21 we can 
only insure that A v has a basis satisfying the first and third conditions of Lemma 
I8.3l with A(zi, z 2 fc) Y 0 instead of A(zi, Zk+i) Y 0. This requires a number of small 
modifications throughout Section [3] with each instance of z/-_|_i replaced by 2 . 2 k (and 
some corresponding minor adjustments replacing k + 1 with 2k). This affects the 
argument when we establish IET5D . since instead we have 


Z 2k Z™~ 3k «: det(A v ) < V k « (BC) k2 ^ n ~ 2k \ 

and so to deduce that ZiZ 2 k <C (BC ) 1-25 for some 5 > 0 we require that n > (2 + 
y/2)k. Similarly, for Lemma ItTfil to ensure that Z\Z 2 k <C B 2 ~ 25 using -C 

det(A a ) <C A k we require that A k ^ 1 ~ 5 ' 1 -C B 2n_6fc as we ll as A k /A~ 5 ) <g; B n ~ k . 
The rest of the Archimedean estimates go through as before. 

For the non-Archimedean estimates, we use the bound of Lemma 110.21 instead 
of Lemma 19.91 in Lemma 19.101 In order to conclude that for bi,b 2 € A a we 
have A(bi,b 2 ) = 0 (mod p) only if at least two non-zero polynomials with no 
common factor vanish (mod p) , we require that n—k> 2k — 2 + k + 2 instead of 
n — k > k — l + fc + 2; i.e. we require n > 4k. With this restriction, the rest of the 
proof of the Type II estimate goes through as before. 

Combining the above restrictions, we see that we have the Type II estimate provided 
n > 4k and any polytope 1Z C [e 2 , n\ l has 


(Ci,..., &) G n => max(fc + e, ^-^k ) < 5Z & < n ~ 2k ~ € 

3 =1 

for some t\ < i (in addition to the assumptions already contained in Proposition 
EH). For n < 5k this has reduced the range of our Type II estimate, and so we 
require a slightly different decomposition of S(A,te)- 

When n > 4k, we see we can handle Type II terms if there is a factor with norm in 
the interval [X n / 3+£ , X"/ 2_e ]. An identical argument then shows that we have an 
equivalent of Proposition 15.21 for sums 5 , (yf 0 , 3 , 1 ) instead of S' (_4. 0 ,3 1 ), where 
3 ^ is any ideal with N( 34 ) < X™/ 6_2e (since this is the length X"/ 2 _e /X"/ 3+£ of our 
new Type II range). We let 31 , 32 , 33,34 be chosen maximally (with respect to the 
ordering of ideals from Section [5]) subject to N(%'i) < X n / 6-2e , AT( 32 ) < X n / 3+e , 
TV( 33 ) < I"/ 2 ", TV(34) < X n / 2+e . By applying Buchstab’s identity twice, and 
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splitting up some of the summations which appear we have 

3i<p<ai 

= >S'(-4,3i) — XI <S'(-4pi 7 3i) X! X! S(A p ,p) 

l'i<Pi<S' 2 32<P<33 33<P<34 

+ X ^Mpip2>P2) 

31<P2<P1<32 

= >5(w 4,3 1 )^ X] 5'(^lp 1 ,3 1 )— X] 5(^l p ,p)— X] >S'(^lp,p) 

3i<Pi<32 32<P<33 33<P<3i 

+ X ^(“^Pip2!p2) + X] S'(^lp 1 p 2 , p 2 ). 

3i<P2<Pl<32 3i<P2<Pl<32 

PlP2>32 (3i) 2 <PlP2<32 

The first three and the fifth terms in the decomposition above can be evaluated 
asymptotically by the equivalents of Proposition 15.11 and Proposition 15.21 The 
fourth and the final terms can be bounded in magnitude by replacing S'(^lp, p) and 
S'(^4pip 2 ,p 2 ) with 5(^lp,3i) and 5 , (^lp 1 p 2 ,3i) respectively, and the equivalent of 
Proposition 15.21 then shows that these terms contribute O(e) to the final estimate 
since the range of norms in the sums is of length O(e) in the logarithmic scale. 
Thus we have a decomposition where all terms can be evaluated asymptotically or 
contribute a negligible amount. 


The final minor change is in the proof of Lemma 1531 In establishing (16.51) . we used 
the multiplicative structure of Z[\/6\. However, recalling that (ao b) n = a • To(b) 
and To(h)i is equal to b n +i-e plus some linear combination of & n _^ +2 ,..., b n , we 
see that 


X e(a- T 0 (h)/q) 

a 6[l ,9]” 

aj= 0 if j>n—k 



Thus the proof goes through exactly as before. 


if b n = ■ ■ ■ = b k +i = 0, 
otherwise. 
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